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Chemical potential and activity of ionic solutions/salts
There is an important point to consider in the context of salt solutions. For a dilute aqueous solution
containing say sodium chloride, osmotic and colligative properties confirm that for each mole of sodium
chloride the aqueous solution contains (almost exactly) two moles of solutes. These observations result in an
added complexity in that chemists describe the solute, sodium chloride in two ways. In one description there
is one solute — ‘sodium chloride’. In another description there are two solutes sodium ions and chloride ions.
The latter description is certainly attractive because we can ring the changes through a series of solutes:
NaCl = NaBr — KCl = KBr — ---. Here we change in stepwise fashion one chemical substance in the salt to
produce a new solute. There is, however, one crucial condition. Aqueous solutions are electrically neutral
although the solutions contain ions. Therefore, the total charge on all cations equals in magnitude the total
charge on all anions in the same solution. There is, therefore, a major problem. In fact, a common procedure
involves estimating the properties of single ions but then in the last stage of the analysis we pull the derived
single ion properties together to describe the properties of a given salt solution. In the following we will
discuss ionic solutions containing the species B that yields the ions
B =M X,"
Here z, and z_ are the charges, and v, and v_ are the number of cations and anions, respectively, for each
formula unit of B. Such solutions differ strongly from regular solutions because even at very small
concentration no ideal behavior is found. Again, deviation from the ideal case as described by
u=u’+RT ln;i0

are incorporated by

U = uo + RTln% +RTInyg =v,u, +v_pu_.

Here y is the activity coefficient and m? is the standard molality (i.e., 1 mol/kg). Thus, y = 1 represents the
ideal case. Using the activity,
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a = (m/m%y
the chemical potentials for both components are

=10 + RTIn 4 RT1 d — 10 + RTIn= 4 RT1
Hy = Uy UW ny, an H- = H- HW ny-

leading to
V_

— — 0 0 MV m Vi, v
g =vopuy +v_pu_=vyul +v_pul +RTIn (W) (W) + RT Iny, *y2-.
We will see later that all parameters but y, and y_ can be extracted from experiments. Defining the
. . Vi y \1/V . . _
geometric mean of molality, m; = (m+ m_-) and the geometric mean for the activity coefficient y, =

1
(V) withv = v, +v_, we get,
v

mi mi
pg =viud +v_pu® + RTIny, (F) = ud + vRT lnyim
Only y4+ can be extracted from experiments. According to the definition, a = (m/m®)y, we find for the
activity
MoV mV+mv_
_ Vi v _ Rt N O
R
With m, = v,mg and m_ = v_mg, we get from the last equation,
my\Y , (vamp)V+(vomp)¥-
ap = (yi _0) =Yz 0V
m (m°)
Thus, for NaCl, ayqec; = ana+ac- = v (Mnaci/m0)?. Similarly, for Fe(Cl04)3, are(cio,), = aFe3+a2"zo; =

27y} (mFe(C104)3/m°)4, where we have used,

MEe3+ = Mpe(Cl0,)y Mcl0; = 3MFe(Cl0,);
Thus, the key-point is always how to calculate (or measure) y.. One such method to evaluate y.,
theoretically, is to use the Debye-Hiickel theory.

Debye-Hiickel theory for strong electrolytes: The electrical potential of ions in solution
Postulate: Every ion may be considered as being surrounded by an ionic atmosphere of opposite sign.

Electrostatic

P . :
Volume potencial, Y
element, /

dv

Charge density, £

Cloud or atmosphere
of excess charge due

Reference ion to other ions

Imagine a positive ion situated at the point A. Consider a small volume element dv at the end of the radius
vector 7. The distance 7 is supposed to be of the order of 1/100 of the ion diameter. Due to the thermal
motion of the ions, there will sometimes be an excess of positive and sometimes an excess of negative ions
in the volume element dv. Time-average will show, dv to have a negative charge density (positive ion at A).
Net charge of the atmosphere is equal in magnitude but opposite in sign to that of the ion at A. Charge
density greater in the immediate vicinity of the ion at A4; falls offas r T.

Say, ¥ = the electrical potential in the centre of dv. The work involved to bring a positive ion from co to the

centre of dv = z_ey. The work involved to bring a negative ion from co to the centre of dv = —z_e.
7z, = numerical value (magnitude only) of the valences of the positive ions.
Z_ = numerical value (magnitude only) of the valences of the negative ions.

e = the electronic charge
Say, the Boltzmann law is applicable for the distribution of particles in a field of varying potential energy.
dn, = time-average numbers of positive ions present in the volume element dv,
dn, =n,e"@eV/kD gy — n e~2+eV/kT gy
dn_ = time-average numbers of negative ions present in the volume element dv,
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dn_ =n_e (2-e¥/kDqy = n_e2-e¥/kT gy

n, = total number of positive ions per unit volume of the solution

n_ = total number of negative ions per unit volume of the solution

If p = (electrical) charge density, that is, the net charge per unit volume, then in the given volume element
dv, itis

e(zydny —z_dn_)
p= + +d — e(n+z+e—z+e1p/kT _ n_Z_eZ_elli/kT)
v
For a uni-univalent (1: 1) electrolyte, z, = z_ = 1 and to maintain electrical neutrality, n, =n_ =n, so

that, for the 1: 1 electrolytes,
pr.1 = ne(e eW/KT — g€¥/KT) = ne(e™* — e¥), with x = e /kT

Note that,
L x2 %3 . x2 %3
e —1—x+Z—§+---;e —1+x+i+§+---
Therefore,
. . %3 x5 ~ P —
et —e ——2x—2§—2§—~-——2x<1+§+§+--->
Hence,

x2 x4 ezlp x2 4
= X _oX) = — Z 44 =F 4T
p1.1 = ne(e e*) = 2xne(1+3!+5!+ >— T 2n<1+ .+ + )

If it is assumed that x = ey /kT < 1, then,
2 2 4 2
P11 = —%2n<1 +%+%+ ) ~ —%Zn
However, the situation is not so simple for a general x: y electrolyte. For the general electrolyte, we have
seen that,
p=e(nyze /KT —n_z e?-¢¥/kT) = e(n,z,e %% —n_z_e?¥),
with x = ey/kT. Now, expanding the two exponential terms separately in Taylor’s series, we get,

z2x? z2x?
nyz(\l—-zx+———-|—mn_z_(1+z_x+ + -

p=e 2! 2
Therefore, from,
zix? z2x?
,0=e Tl+Z+ 1_Z+x+ 2| —_ e —N_Z_ 1+Z_x+ 2' +...

upon neglecting the terms of higher powers (and retaining the linear terms only),
p=eln,z,(1—z,x)—n_z_(1+z_x)]
Hence,
pre[n,z, —nyzix—n_z_ —n_z2x] = e[(nyzy —n_z_) — (n;z2 + n_z?)x|

The electrolyte solution is homogeneous (and electrically neutral, as well), so that (n,z, —n_z_) = 0.
2

2 2 e 2 2
L p=—ex(nyzi+n_z2) = —ﬁ(n+z+ +n_z2)
Thus, for the most general case, where one may have multiple electrolytes, and so many different kinds of

ions,
2
e“y 2

~T LM

l
where, n; and z; represent the number density and valence of the ions of ith kind.

p:
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However, the situation is not so simple for a general x: y electrolyte. For the general electrolyte, we have
seen that,

p=e(nyz e /KT —qn_z e?-¢¥/kT) = e(n,z,e % —n_z_e? ™),
with x = ey /kT. Now, expanding the two exponential terms separately in Taylor’s series, we get,

zix? z2x?
p=elnyz, \1l—zyx+———|—n_z_(1+z_x+ o + ..

2!
Therefore, with the assumption that x = ey /kT « 1, upon neglecting the terms of higher powers (and
retaining the linear terms only),
prenz,(1—2z,x)—n_z_(1+z_x)]
Hence,
pre[n,z, —n,zix—n_z_—n_z?x| = e[(nyz, —n_z_) — (n;z2 + n_z2?)x]
The electrolyte solution is homogeneous (and electrically neutral, as well), so that (n,z, —n_z_) = 0.
2
e
wp=—ex(nyz?+n_z>?) = —k—;,/)(nJ,ZJZr + n_z2)
Thus, for the most general case, where one may have multiple electrolytes, and so many different kinds of

ions,
ey
kT i
where, n; and z; represent the number density and valence of the ions of ith kind. Both p and i are
unknowns, and to know any one of them, another relation between them is needed. One of the fundamental
laws of electrostatics (often called Maxwell’s first equation) says that,
- - A4mp
V-FE = o
where E is the electric field vector, p the charge density (measured per unit volume) as before, and D is the

dielectric constant of the medium. The vector, Vis the gradient vector, and is defined as,

=12 +Aa +I€a

— 2
p= niz;

dx dz

Now, Eis just —Vl/) (just like the force being the gradient of the potential energy), and therefore,
V.E= 25T Gy = 2P
) v="7
Now,
v V—(Aa +Aa +I€a) (Aa +Aa +l€a)— o + o +az = V2
“\ax oy T %6z) \"ax oy T %6z) Tox2 T oy T a2

where, V2 is the Laplacian function. Thus, we have,

V2 = 4mtp

v="7

This equation is known as the Poisson equation (in electrostatics). Thus, for the most general case, where
one may have multiple electrolytes, and so many kinds of ions,

i
where, n; and z; represent the number density and valence of the ions of ith kind. From the Poisson equation
(in electrostatics), we have,
41
V= -

The Poisson equation is a partial differential equation (PDE) in three variables. We realize that the ion and its
atmosphere, in the absence of any external electric field, is overall a spherically symmetric entity. Therefore,
it will be mathematically easier to deal with the Poisson equation if we express it in the spherical polar
coordinates.
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r z=r cosf

o). >y

x=r sintl cos¢

x/ y=rsint sing L
x =rsinfcosg;y =rsinfsing; z=rcosf
The Laplacian function in Cartesian coordinates,
02 02 92
ox?  0dy? 0z2

Vz_ii( zi)+ 1 i( - 91)+ 12
“72or\" ar) " r2sin006\°*" " 96) " r2sin2 6 a¢?
Since the distribution of potential about any point in the electrolyte must be spherically symmetric, the terms
having dependence on the angular coordinates, 8 and ¢ are all zero. Therefore, under spherical symmetry,

1d d
2_ 4 (4
v T r2dr (r dr)'

ld(zd) _ 4mp
rzdrrdrlp_ D

ey 5
—TT N
l

2:

becomes,

so that the Poisson equation becomes,

We have already seen that,
p=

so that,

1d d Ame?
( ) == nzf = K*y,

— — 2 — —
r2dr " dr DkT v :
L
where the quantity k is defined as,
4me? Y2
K=\ D M

4

Thus, the Poisson-Boltzmann equation is

1d dy

(22 2

r2dr (T dr) Ky

How do we solve the Poisson-Boltzmann equation? Let us define a new variable B(r), as Y(r) = B(r)/r.
_dlp_dﬁ_ B 1d,6’=> dtlz_ 4 dp
“dr  drr r?2 rdr dr B Td

LAty Tl 1w dz_,;+2_,;>_1dz_ﬁ

T'2

oo )= _— — ) = ——+47r = —
ridr dr ridr dr r2 dr dr?  dr r dr?
Hence, the Poisson-Boltzmann equation becomes,
2 2
1d-gB _ 2[)’ d<p o,

r dr? r  dr? KB
To solve the Poisson-Boltzmann equation,
dazp
—_ - KZﬁ
dr?
it is recalled that the differentiation of an exponential function results in the multiplication of that function

by the constant in the exponent. Thus, if 5 (r) = e**",
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2

_eikr — iKeiKr and 5 e'l_'KT' — Kzeixr
dr dr

If 5 is an exponential function of r, one will obtain a differential equation of the form d?8/dr? = k?f. Two
possible exponential functions, e ™*" and e **", will lead to the same final differential equation.

% B(r) = Ae™ + Bet " = B() — () = Ae €T Betkr

— +
T r
Ae—KT Be+K'T
S = — .
Applying a suitable boundary condition (r = o, i — 0), we obtained B = 0.
e—KT
Sp(r) =

r
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The Debye-Hiickel theory is in general valid for appreciably dilute solutions only. To evaluate the integration
constant A4, a hypothetical condition is considered in which the solution is so dilute and on the average the
ions are so far apart that there is a negligible interionic field. Further, the central ion is assumed to be a point
charge — having a radius negligible compared with the distances otherwise to be considered. Hence, the
potential near the central ion is, in this special case, is simply that due to an isolated point charge of value
z;e. This is given directly from Coulomb's law as

zZe
Y(r) = Dr
At the same time, for this hypothetical solution in which the concentration tends to zero, that is, n; = 0, so

that,
4me? 1z
K= DT n;z¢ -0
i

Therefore, the term e " in Y(r) = Ae ™" /r goes to unity as k — 0.

~P(r) =A/r
Thus, from
YO) = and () = 4/r

we obtain, A = z;e/D
Therefore, using A = z;e/D, in(r) = Ae ™ /r, we get,
ziee
Y(r) = N3
This is the solution of the Poisson-Boltzmann equation valid for dilute solutions.
How do we calculate the total charge associated with the atmosphere/cloud? Consider a spherical shell of
thickness dr, at a distance r from the centre of the reference ion. Hence, the charge contained in this thin
shell, dq, is given by, dq = p X 4mr2dr, where 4mr2dr is the volume of this shell. The total charge, ¢ciouds
contained in the ion atmosphere is the sum of the charges dq contained in all the infinitesimally thick
spherical shells. Therefore, the total excess charge surrounding the reference ion is computed by integrating
dq (whichis a function of the distance r from the central ion) from a lower limit corresponding to the distance
from the central ion at which the cloud is taken to commence to the point where the cloud ends. Now, the
ion atmosphere begins at the surface of the ion, so the lower limit depends upon the model of the ion. The
first model (Debye and Hiickel): point-charge ions; lower limit is r = 0. The upper limit is r — o, because the
charge of the ionic cloud decays exponentially into the solution and becomes zero only in the limit r — co.
Thus,

—KTr

T—00 T—00 T—00
2 Zie ze_w 2
dcloud = dq = p X Aredr = — —K Anredr
41 r
r=0 r=0 r=0
Therefore,
T—00

qcloud = —Z4i€ f e " (kr)d(kr)

r=0
Using the method of integration by parts, [ vdu = uv — [ udv, we get

Tr—00

J (kr)e ™™ d(kr) = [—KZT‘e_KT —J

r=0

e—xr r—oo
d0er)| = [owre ™ - eI = [—e G + DI
(_1) r=0
=1
“ cloud = —Zi€
That is, a central ion of charge +z;e is enveloped by a cloud containing a total charge of —z;e —
Electroneutrality. How is this equal and opposite charge of the ion atmosphere distributed in the space

around the central ion? From,

zie e ™

2
=——K
p 4
it is seen that the net charge in a spherical shell of thickness dr and at a distance r from the origin is

anddq = p X 4nr?dr
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dq = —z;ex?e ™ rdr
Thus, the excess charge on a spherical shell varies with r and has a maximum value for a value of r given by
0= dg_4d [—ziex?(e™*r)] = —z;ex? i(e_’“"r) = —z;ek*(e ™" — rke™*")
dr dr- T odr .

Since, z;ex? is finite, the above equality can only be true, if,

O=e ™ —rke ™ >r=xK"
Hence, the maximum value of the charge contained in a spherical shell (of infinitesimal thickness dr) is
attained when the spherical shell is at a distance r = k™! from the reference ion. For this reason, k=1 is
known as the thickness, or radius, of the ionic atmosphere / cloud that surrounds a reference ion. An

elementary dimensional analysis of k™1, using, say,

. (DkT 1\
K l=|——c——
4r eZZi TliZl-z

will indeed reveal that k™1 has the dimensions of length. Consequently, k™ is sometimes referred to as the
Debye-Hiickel length. As the concentration tends toward zero, the cloud tends to spread out increasingly. To
get a better feel of these effects, let us perform a thought experiment. Say the charge on the ionic cloud does
not exist. There is only one charge now, that on the central ion. What is the potential at distance r from the
central ion? It is simply,

1

zie
Yion = Dr
Let the charge on the cloud be now switched on. The potential 1(r) at the distance r from the central ion is
no longer given by the central ion only. It is given by the law of superposition of potentials, i.e., () is the
sum of the potential due to the central ion and that due to the ionic cloud Y(r) = Yion + Yeioua- The
contribution Y .;o,q €an thus be easily found.

ziee T

Yeloua = ¢(T) —Yion = F
We know, that k depends on ¥; n;z7.
For sufficiently dilute solutions, Y; nizi2 can be taken as sufficiently small so that, kr «< 1.

zie zZe —xr
= -1
r Dr  Dr (e )

e ™™ —-1=1—-kr—1= —kr,
and based on this approximation,
‘(/) Zie( wer 1) zie zZie
=—1/e —1))=——kKr=-—
cloud = py,. Dr Dx~1
Therefore, using
1/) AL d ‘(/) zZie
. = — an —_— -
ion Dr cloud Dr—1
in
zZe zZe

V() = Yion + Yeioua = Dr  Dr-1
The second term, which arises from the cloud, reduces the value of the potential to a value less than that if
there were no cloud.
This is consistent with the model; the cloud has a charge opposite to that on the central ion and must
therefore alter the potential in a sense opposite to that due to the central ion.
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Thermodynamics of ion-ion interactions

Aim: To develop a quantitative measure of the ion-ion interactions.

Consider, an initial state in which ion-ion interactions do not exist (are “switched off”), and in which ion-ion
interactions do not exist. The free-energy change in going from the initial state to the final state can be
considered the free energy of ion-ion interactions, AG;yn_ion- The final state is obvious; it is ions in solution.
The initial state is not so straightforward; one cannot take ions in vacuum, because then there will be ion-
solvent interactions when these ions enter the solvent. One conceives of a hypothetical situation in which
the ions are there in solution but are nevertheless not interacting. Now, if ion-ion interactions are assumed
to be electrostatic in origin, then the imaginary initial state of noninteracting ions implies an assembly of
discharged ions.

~ The initial state of noninteracting ions — final state of ion-ion interactions is equivalent to taking an
assembly of discharged ions — charging them up and setting the electrostatic charging work equal to the
free energy AG;,n_ion Of ion-ion interactions. Since, in the charging process, both the positively charged and
negatively charged ionic species are charged up, one obtains a free-energy change that involves all the ionic
species constituting the electrolyte.
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This partial free-energy change is the chemical-potential change, Au(i) arising from the interactions of

ion—ion’
one ionic species with the ionic assembly. To calculate Aug)n_ion, let us imagine an ion of species i and
consider that this reference ion alone of all the ions in solution is in a state of zero charge. If one computes
the work of charging up the reference ion (of radius 7;) from a state of zero charge to its final charge of z;e,
then, the work of charging is W (say). Then, the partial molar free energy of ion-ion interactions, i.e., to the

chemical potential of ion-ion interactions is
A =N

ion—ion
From electrostatics, the work of charging a conductor,

W= %[(charge on the conductor) X (conductor’s electrostatic potential)]
cag® NN
Dl _jon = NaW = Ny Ezielp
Note that, Y is the electrostatic potential of the ion due to the influence on it by the electrostatic interactions
of the surrounding field. Thus, 1) must be ¥ ;4,,4, SO that, Ayi(?n_ion = Nyzie ioual/ 2.
Thus,

0] 1
Altion_ion = ENAZielpcloud

We know,

z;e ; Ny(z;e)?
Yeoud = ~ D,é—l = A‘ui(zl))n—ion = _%
The Debye-Hiickel ionic-cloud model for the distribution of ions in an electrolytic solution has permitted the
theoretical calculation of the chemical-potential change arising from ion-ion interactions. How is this
theoretical expression to be checked? For a hypothetical system of ideal (non-interacting) particles, the
chemical potential is given by
p;(ideal) = u + RT In x;.
For a real system of interacting particles, the chemical potential has been expressed in the form
pi(real) = uf + RT Inx; + RT Iny;.

Therefore,
ui(real) — p;(ideal) = A .,
so that,
A“lgclw)n—ion = RTIny;
Thus, the activity coefficient is a measure of the chemical potential change arising from ion-ion interactions.
RT1 Ny(zie)? l Ny(z;e)? Nje?
A e —— = —— = — h
i 2Dkt 2DRT ©~ ~ 2DRT™”

Thus, the Debye-Hiickel ionic-cloud model for ion-ion interactions has permitted a theoretical calculation of

activity coefficients. In one of our earlier classes (Electrochemistry 1), for a (general) electrolyte B = Mf:Xf_‘,

my v my
pp =viud +v_pu® + RTInyy (m—g) = ub + vRT lnyim—g
where, the geometric mean of molality, m, = (mi"m’i—)l/v and the geometric mean for the activity
coefficient y, = (yr"yl’—)l/v, withv = v, + v_, and and m? is the standard molality (i.e., 1 mol/kg).
Thus,

=ul + RTIZE£+ RT1
Hp = HUp TV nmo vl inyy
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Now, fromy, = (y )1/v,
1
Inyy = ;(V+ Iny, +v_Iny_)

From,

iy = Nye?

Y= T opRT
we write,

1]  Nye? Nye? 1[Nye
Iny, v+ 3pRT " 2+ - SDRT 2l = ZDRTK(V+Z$+V z2)

Thus,

1[ Nye?
Iny; = —;[ 2 je(v,ez? + v_ZE)]

Since the solution as a whole is electroneutral, v, z, = v_z_ and therefore,
vzl v zi=v,zyz,tv oz z =v_z z, +v,z.Zz_ =z, 2. (v, +V_.) =z, z_V
Therefore,

1 NA(Z+Z )e?
Iny: 2DRTKZ+Z v T 2DRT
We know,
1/2
4mre
<DkT iz ‘) <DkT ni%i e)
Since,
C NA NA62
i_ul)oo:’Z"”Z * = 1000 2.4
14
Thus,
1/2
n =_NA(Z+Z_)62K and = 4w Nye? 2
Vi 2DRT DkT 1000

Prior to the development of the Debye-Hickel theory, Lewis introduced the idea of ionic strength, I, and

defined it as,
1
=32,
i

1/2 1/2

81 NAez 1 2 87TNA32

<DkT10002 , Clz‘) <1000DkT VI=BVI
L

Hence,
Ny(zpz_)e?

2DRT BT

Iny, =—
In a slightly different way,

1 Nye? _ 1 Nye?
logy; = _mZDRTB(ZJ“Z_)\ﬁ = —A(z,z_ VI, with 4 = ——

2.303 2DRTB
For uni-univalent (1: 1) electrolytes, z, = z_ = 1 and I = ¢, and hence,
logys = —AVc
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