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Chapter 9

Perturbation Theory

9.1 Perturbation Theory
This chapter discusses the second major quantum-mechanical approximation method, 
perturbation theory.

Suppose we have a system with a time-independent Hamiltonian operator Hn  and we 
are unable to solve the Schrödinger equation

	 Hncn = En  cn	 (9.1)

for the eigenfunctions and eigenvalues of the bound stationary states. Suppose also that 
the Hamiltonian Hn  is only slightly different from the Hamiltonian Hn 0 of a system whose 
Schrödinger equation

	 Hn 0
 c102

n = E102
n c102

n 	 (9.2)

we can solve. An example is the one-dimensional anharmonic oscillator with

	 Hn = -
U2

2m
 
d2

dx2 +
1

2
kx2 + cx3 + dx4	 (9.3)

The Hamiltonian (9.3) is closely related to the Hamiltonian

	 Hn 0 = -
U2

2m
 
d2

dx2 +
1

2
kx2	 (9.4)

of the harmonic oscillator. If the constants c and d in (9.3) are small, we expect the eigen-
functions and eigenvalues of the anharmonic oscillator to be closely related to those of the 
harmonic oscillator.

We shall call the system with Hamiltonian Hn 0 the unperturbed system. The system 
with Hamiltonian Hn  is the perturbed system. The difference between the two Hamil
tonians is the perturbation Hn �: 

	 Hn � K Hn - Hn 0	 (9.5)

	 Hn = Hn 0 + Hn �	 (9.6)

(The prime does not denote differentiation.) For the anharmonic oscillator with Hamiltonian 
(9.3), the perturbation on the related harmonic oscillator is Hn � = cx3 + dx4.

In Hn 0c102
n = E102

n c102
n  [Eq. (9.2)], E102

n  and c102
n  are called the unperturbed energy 

and unperturbed wave function of state n. For Hn 0 equal to the harmonic-oscillator 
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Hamiltonian (9.4), E102
n  is 1n +

1
22hn [Eq. (4.45)], where n is a nonnegative integer. 

(n is used instead of v for consistency with the perturbation-theory notation.) Note that 
the superscript 102 does not mean the ground state. Perturbation theory can be applied to 
any state. The subscript n labels the state we are dealing with. The superscript 102 denotes 
the unperturbed system.

Our task is to relate the unknown eigenvalues and eigenfunctions of the perturbed 
system to the known eigenvalues and eigenfunctions of the unperturbed system. To aid in 
doing so, we shall imagine that the perturbation is applied gradually, giving a continuous 
change from the unperturbed to the perturbed system. Mathematically, this corresponds 
to inserting a parameter l into the Hamiltonian, so that

	 Hn = Hn 0 + lHn �	 (9.7)

When l is zero, we have the unperturbed system. As l increases, the perturbation grows 
larger, and at l = 1 the perturbation is fully “turned on.” We inserted l to help relate 
the perturbed and unperturbed eigenfunctions, and ultimately we shall set l = 1, thereby 
eliminating it.

Sections 9.1 to 9.7 deal with time-independent Hamiltonians and stationary states. 
Section 9.8 deals with time-dependent perturbations.

9.2 Nondegenerate Perturbation Theory
The perturbation treatments of degenerate and nondegenerate energy levels differ. This 
section examines the effect of a perturbation on a nondegenerate level. If some of the 
energy levels of the unperturbed system are degenerate while others are nondegenerate, 
the treatment in this section will apply to the nondegenerate levels only.

Nondegenerate Perturbation Theory 
Let c102

n  be the wave function of some particular unperturbed nondegenerate level with energy 
E102

n . Let cn be the perturbed wave function into which c102
n  is converted when the perturba-

tion is applied. From (9.1) and (9.7), the Schrödinger equation for the perturbed state is

	 Hncn = 1Hn 0 + lHn �2cn = Encn	 (9.8)

Since the Hamiltonian in (9.8) depends on the parameter l, both the eigenfunction cn and 
the eigenvalue En depend on l:

cn = cn1l, q2 and En = En1l2
where q denotes the system’s coordinates. We now expand cn and En as Taylor series 
(Prob. 4.1) in powers of l:

	  cn = cn � l= 0 +
0cn

0l
2
l= 0

l +
02

 cn

0l2
2
l= 0

 
l2

2!
+ g	 (9.9)

	  En = En � l= 0 +
dEn

dl
2
l= 0

l +
d2

 En

dl2
2
l= 0

 
l2

2!
+ g	 (9.10)

By hypothesis, when l goes to zero, cn and En go to c102
n  and E102

n :

	 cn 0 l= 0 = c102
n  and En 0 l= 0 = E102

n 	 (9.11)

We introduce the following abbreviations:

	 c1k2
n K

1

k!
 
0kcn

0lk
2
l= 0

,  E1k2
n K

1

k!
 
dkEn

dlk
2
l= 0

,  k = 1, 2, c 	 (9.12)
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Equations (9.9) and (9.10) become

	 cn = c102
n + lc112

n + l2c122
n + g + lkc1k2

n + g	 (9.13)

	 En = E102
n + lE112

n + l2E122
n + g + lkE1k2

n + g	 (9.14)

For k = 1, 2, 3, c, we call c1k2
n  and E1k2

n  the kth-order corrections to the wave function 
and energy. We shall assume that the series (9.13) and (9.14) converge for l = 1, and we 
hope that for a small perturbation, taking just the first few terms of the series will give a 
good approximation to the true energy and wave function. (Quite often, perturbation-theory 
series do not converge, but even so, the first few terms of a nonconvergent series can often 
give a useful approximation.)

We shall take c102
n  to be normalized: 8c102

n 0c102
n 9 = 1. Instead of taking cn as normal-

ized, we shall require that cn satisfy

	 8  c102
n 0cn9 = 1	 (9.15)

If cn does not satisfy this equation, then multiplication of cn by the constant 1> 8c102
n 0cn9  

gives a perturbed wave function with the desired property. The condition (9.15), called 
intermediate normalization, simplifies the derivation. Note that multiplication of cn by 
a constant does not change the energy in the Schrödinger equation Hncn = Encn, so use of 
intermediate normalization does not affect the results for the energy corrections. If desired, 
at the end of the calculation, the intermediate-normalized cn can be multiplied by a constant 
to normalize it in the usual sense.

Substitution of (9.13) into 1 = 8c102
n 0cn9  [Eq. (9.15)] gives

1 = 8c102
n 0c102

n 9 + l8c102
n 0c112

n 9 + l28c102
n 0c122

n 9+ g

Since this equation is true for all values of l in the range 0 to 1, the coefficients of like 
powers of l on each side of the equation must be equal, as proved after Eq. (4.11). Equating 
the l0 coefficients, we have 1 = 8c102

n 0c102
n 9 , which is satisfied since c102

n  is normalized. 
Equating the coefficients of l1, of l2, and so on, we have

	 8c102
n 0c112

n 9 = 0,  8c102
n 0c122

n 9 = 0,  etc.	 (9.16)

The corrections to the wave function are orthogonal to c102
n  when intermediate normaliza-

tion is used.
Substituting (9.13) and (9.14) into the Schrödinger equation (9.8), we have

1Hn 0 + lHn �21c(02
n + lc112

n + l2c122
n + g2

 = 1E(02
n + lE112

n + l2E122
n + g21c(02

n + lc112
n + l2c122

n + g2
Collecting like powers of l, we have

Hn 0c102
n + l1Hn �c(02

n + Hn 0c112
n 2 + l21Hn 0c(22

n + Hn �c112
n 2 + g

	 = E102
n c102

n + l1E(12
n c102

n + E102
n c112

n 2 + l21E(22
n c102

n + E112
n c112

n + E102
n c122

n 2 + g
(9.17)

Now (assuming suitable convergence) for the two series on each side of (9.17) to be equal to 
each other for all values of l, the coefficients of like powers of l in the two series must be equal.

Equating the coefficients of the l0 terms, we have Hn 0c102
n = E102

n c102
n , which is the 

Schrödinger equation for the unperturbed problem, Eq. (9.2), and gives us no new information.
Equating the coefficients of the l1 terms, we have

Hn �c102
n + Hn 0c112

n = E112
n c102

n + E102
n c112

n

	 Hn0c112
n - E102

n c112
n = E112

n c102
n - Hn �c102

n 	 (9.18)

Pradipta Ghosh
StrikeOut
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Equations (9.9) and (9.10) become

	 cn = c102
n + lc112

n + l2c122
n + g + lkc1k2

n + g	 (9.13)

	 En = E102
n + lE112

n + l2E122
n + g + lkE1k2

n + g	 (9.14)

For k = 1, 2, 3, c, we call c1k2
n  and E1k2

n  the kth-order corrections to the wave function 
and energy. We shall assume that the series (9.13) and (9.14) converge for l = 1, and we 
hope that for a small perturbation, taking just the first few terms of the series will give a 
good approximation to the true energy and wave function. (Quite often, perturbation-theory 
series do not converge, but even so, the first few terms of a nonconvergent series can often 
give a useful approximation.)

We shall take c102
n  to be normalized: 8c102

n 0c102
n 9 = 1. Instead of taking cn as normal-

ized, we shall require that cn satisfy

	 8  c102
n 0cn9 = 1	 (9.15)

If cn does not satisfy this equation, then multiplication of cn by the constant 1> 8c102
n 0cn9  

gives a perturbed wave function with the desired property. The condition (9.15), called 
intermediate normalization, simplifies the derivation. Note that multiplication of cn by 
a constant does not change the energy in the Schrödinger equation Hncn = Encn, so use of 
intermediate normalization does not affect the results for the energy corrections. If desired, 
at the end of the calculation, the intermediate-normalized cn can be multiplied by a constant 
to normalize it in the usual sense.

Substitution of (9.13) into 1 = 8c102
n 0cn9  [Eq. (9.15)] gives

1 = 8c102
n 0c102

n 9 + l8c102
n 0c112

n 9 + l28c102
n 0c122

n 9+ g

Since this equation is true for all values of l in the range 0 to 1, the coefficients of like 
powers of l on each side of the equation must be equal, as proved after Eq. (4.11). Equating 
the l0 coefficients, we have 1 = 8c102

n 0c102
n 9 , which is satisfied since c102

n  is normalized. 
Equating the coefficients of l1, of l2, and so on, we have

	 8c102
n 0c112

n 9 = 0,  8c102
n 0c122

n 9 = 0,  etc.	 (9.16)

The corrections to the wave function are orthogonal to c102
n  when intermediate normaliza-

tion is used.
Substituting (9.13) and (9.14) into the Schrödinger equation (9.8), we have

1Hn 0 + lHn �21c(02
n + lc112

n + l2c122
n + g2

 = 1E(02
n + lE112

n + l2E122
n + g21c(02

n + lc112
n + l2c122

n + g2
Collecting like powers of l, we have

Hn 0c102
n + l1Hn �c(02

n + Hn 0c112
n 2 + l21Hn 0c(22

n + Hn �c112
n 2 + g

	 = E102
n c102

n + l1E(12
n c102

n + E102
n c112

n 2 + l21E(22
n c102

n + E112
n c112

n + E102
n c122

n 2 + g
(9.17)

Now (assuming suitable convergence) for the two series on each side of (9.17) to be equal to 
each other for all values of l, the coefficients of like powers of l in the two series must be equal.

Equating the coefficients of the l0 terms, we have Hn 0c102
n = E102

n c102
n , which is the 

Schrödinger equation for the unperturbed problem, Eq. (9.2), and gives us no new information.
Equating the coefficients of the l1 terms, we have

Hn �c102
n + Hn 0c112

n = E112
n c102

n + E102
n c112

n

	 Hn0c112
n - E102

n c112
n = E112

n c102
n - Hn �c102

n 	 (9.18)

Pradipta Ghosh
StrikeOut
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The First-Order Energy Correction 
To find E112

n  we multiply (9.18) by c102
m * and integrate over all space, which gives

	 8c102
m 0Hn 0 0c112

n 9 - E102
n 8c102

m 0c112
n 9 = E112

n 8c102
m 0c102

n 9 - 8c102
m 0  Hn � 0c102

n 9 	 (9.19)

where bracket notation [Eqs. (7.1) and (7.3)] is used. Hn 0 is Hermitian, and use of the 
Hermitian property (7.12) gives for the first term on the left side of (9.19)

8c102
m 0Hn 0 0c112

n 9 = 8c112
n 0Hn 0 0c102

m 9* = 8c112
n 0Hn 0c102

m 9*
	 = 8c112

n 0E102
m c102

m 9* = E102
m *8c112

n 0c102
m 9* = E102

m 8c102
m 0c112

n 9 	 (9.20)

where we used the unperturbed Schrödinger equation Hn 0c102
m = E102

m c102
m , the fact that E102

m  
is real, and (7.4). Substitution of (9.20) into (9.19) and use of the orthonormality equation 
8c102

m 0c102
n 9 = dmn for the unperturbed eigenfunctions gives

	 1E(02
m - E102

n 28c102
m 0c112

n 9 = E112
n dmn - 8c102

m 0Hn � 0c102
n 9 	 (9.21)

If m = n, the left side of (9.21) equals zero, and (9.21) becomes

	 E112
n = 8c102

n 0Hn � 0c102
n 9 = Lc102

n *Hn �c102
n  dt	 (9.22)

The first-order correction to the energy is found by averaging the perturbation Hn �over the 
appropriate unperturbed wave function.

Setting l = 1 in (9.14), we have

	 En � E102
n + E112

n = E102
n + Lc102

n *Hn �c102
n  dt	 (9.23)

E x a m p l e

For the anharmonic oscillator with Hamiltonian (9.3), evaluate E112 for the ground state if 
the unperturbed system is taken as the harmonic oscillator.

The perturbation is given by Eqs. (9.3) to (9.5) as

Hn � = Hn - Hn 0 = cx3 + dx4

and the first-order energy correction for the state with quantum number v is given 
by (9.22) as E112

v
= 8c102

v

0 cx3 + dx4 0c102
v

9 , where c102
v

 is the harmonic-oscillator wave
function for state v. For the v = 0 ground state, use of c102

0 = 1a>p21>4e-ax2>2 [Eq.
(4.53)] gives

E112
0 = 8c102

0 0 cx3 + dx4 0c102
0 9 = a a

p
b

1>2

L
�

-�

e-ax21cx3 + dx42 dx

The integral from - � to � of the odd function cx3e-ax2
 is zero. Use of the Appendix 

integral (A.10) with n = 2 and (4.31) for a gives

E112
0 = 2d a a

p
b

1>2

L
�

0
e-ax2

x4 dx =
3d

4a2 =
3dh2

64p4n2m2

The unperturbed ground-state energy is E102
0 =

1
2 hn and E102

0 + E112
0 =  

1
2 hn + 3dh2>64p4n2m2.

Exercise  Consider a one-particle, one-dimensional system with V = � for x 6 0 
and for x 7 l, and V = cx for 0 … x … l, where c is a constant. (a) Sketch V for 
c 7 0. (b) Treat the system as a perturbed particle in a box and find E112 for the state 
with quantum number n. Then use Eq. (3.88) to state why the answer you got is to be 
expected. (Partial Answer: (b) 12 cl.)
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The First-Order Wave-Function Correction
For m � n, Eq. (9.21) is

	 1E(02
m - E102

n 28c102
m 0c112

n 9 = -8c102
m 0Hn � 0c102

n 9 , m � n	 (9.24)

To find c112
n , we expand it in terms of the complete, orthonormal set of unperturbed 

eigenfunctions c102
m  of the Hermitian operator Hn 0: 

	 c112
n = a

m
amc

102
m ,  where am = 8c102

m 0c112
n 9 	 (9.25)

where Eq. (7.41) was used for the expansion coefficients am. Use of am = 8c102
m 0c112

n 9  in 
(9.24) gives

1E(02
m - E102

n 2am = - 8c102
m 0 Hn � 0c102

n 9 , m � n

By hypothesis, the level E102
n  is nondegenerate. Therefore E102

m � E102
n  for m � n, and we 

may divide by 1E(02
m - E102

n ) to get

	 am =
8c102

m 0 Hn � 0c102
n 9

E102
n - E102

m

, m � n	 (9.26)

The coefficients am in the expansion (9.25) of c112
n  are given by (9.26) except for an, the 

coefficient of c102
n . From the second equation in (9.25), an = 8c102

n 0c112
n 9 . Recall that 

the choice of intermediate normalization for cn makes 8c102
n 0c112

n 9 = 0 [Eq. (9.16)]. 
Hence an = 8c102

n 0c112
n 9 = 0, and Eqs. (9.25) and (9.26) give the first-order correction 

to the wave function as

	 c112
n = a

m � n

8c102
m 0 Hn � 0c102

n 9
E102

n - E102
m

 c102
m 	 (9.27)

The symbol gm � n means we sum over all the unperturbed states except state n.
Setting l = 1 in (9.13) and using just the first-order wave-function correction, we have 

as the approximation to the perturbed wave function

	 cn � c102
n + a

m � n

8c102
m 0 Hn � 0c102

n 9
E102

n - E102
m

 c102
m 	 (9.28)

For c122
n  and the normalization of c, see Kemble, Chapter XI.

The Second-Order Energy Correction
Equating the coefficients of the l2 terms in (9.17), we get

	 Hn 0c122
n - E102

n c122
n = E122

n c102
n + E112

n c112
n - Hn �c112

n 	 (9.29)

Multiplication by c102
m * followed by integration over all space gives

8c102
m 0Hn 0 0c122

n 9 - E102
n 8c102

m 0c122
n 9

	 = E122
n 8c102

m 0c102
n 9 + E112

n 8c102
m 0c112

n 9 - 8c102
m 0Hn � 0c112

n 9 	 (9.30)

The integral 8c102
m 0Hn 0 0c122

n 9  in this equation is the same as the integral in (9.20), except 
that c112

n  is replaced by c122
n . Replacement of c112

n  by c122
n  in (9.20) gives

	 8c102
m 0 Hn 0 0c122

n 9 = E102
m 8c102

m 0c122
n 9 	 (9.31)

Use of (9.31) and orthonormality of the unperturbed functions in (9.30) gives

1E (02
m - E102

n 28c102
m 0c122

n 9 = E122
n dmn + E112

n 8c102
m 0c112

n 9 - 8c102
m 0Hn � 0c112

n 9 	 (9.32)
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For m = n, the left side of (9.32) is zero and we get

 E122
n = -E112

n 8c102
n 0c112

n 9 + 8c102
n 0Hn � 0c112

n 9
	  E122

n = 8c102
n 0Hn � 0c112

n 9 	 (9.33)

since 8c102
n 0c112

n 9 = 0 [Eq. (9.16)]. Note from (9.33) that to find the second-order correc-
tion to the energy, we have to know only the first-order correction to the wave function. In 
fact, it can be shown that knowledge of c112

n  suffices to determine E132
n  also. 

In general, it can be shown that if we know the corrections to the wave function 
through order k, then we can compute the corrections to the energy through order 2k + 1 
(see Bates, Vol. I, p. 184).

Substitution of (9.27) for c112
n  into (9.33) gives

	 E122
n = a

m � n

8c102
m 0 Hn � 0c102

n 9
E102

n - E102
m

8c102
n 0 Hn � 0c102

m 9 	 (9.34)

since the expansion coefficients am [Eq. (9.26)] are constants that can be taken outside the 
integral. Since Hn � is Hermitian, we have

 8c102
m 0Hn � 0c102

n 9 8c102
n 0Hn � 0c102

m 9 = 8c102
m 0Hn � 0c102

n 9 8c102
m 0Hn � 0c102

n 9*
 = 0 8c102

m 0Hn � 0c102
n 9 0 2

and (9.34) becomes

	 E(2)
n = a

m � n

0 8c102
m 0Hn � 0c102

n 9 0 2
E102

n - E102
m

	 (9.35)

which is the desired expression for E122
n  in terms of the unperturbed wave functions and 

energies.
Inclusion of E122

n  in (9.14) with l = 1 gives the approximate energy of the perturbed 
state as

	 En � E102
n + H=

nn + a
m � n

0 H=
mn 02

E102
n - E102

m

	 (9.36)

where the integrals are over the unperturbed normalized wave functions.
For formulas for higher-order energy corrections, see Bates, Volume I, pages 181–185. 

The form of perturbation theory developed in this section is called Rayleigh–Schrödinger 
perturbation theory; other approaches exist.

Discussion
Equation (9.28) shows that the effect of the perturbation on the wave function c102

n  is to “mix 
in” contributions from other states c102

m , m � n. Because of the factor 1> 1E102
n - E102

m 2, 
the most important contributions (aside from c102

n ) to the perturbed wave function come 
from states nearest in energy to state n.

To evaluate the first-order correction to the energy, we must evaluate only the single 
integral H=

nn, whereas to evaluate the second-order energy correction, we must evaluate the 
matrix elements of Hn � between the nth state and all other states m, and then perform the 
infinite sum in (9.35). In many cases the second-order energy correction cannot be evalu-
ated exactly. It is even harder to deal with third-order and higher-order energy corrections.

The sums in (9.28) and (9.36) are sums over different states rather than sums over dif-
ferent energy values. If some of the energy levels (other than the nth) are degenerate, we 
must include a term in the sums for each linearly independent wave function corresponding 
to the degenerate levels.
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The Anharmonic Oscillator 

• Vibrational potential of molecules not harmonic. 

• Approximately harmonic near potential minimum. 

• Expand potential in power series. 

𝐻̂ = −
ℏ2

2𝑚

𝑑2

𝑑𝑋2
+

1

2
𝑘𝑋2 + 𝐶𝑋3 + 𝑄𝑋4 =

𝑃2

2𝑚
+

1

2
𝑘𝑋2 + 𝐶𝑋3 + 𝑄𝑋4 
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𝐶 and 𝑄 are cubic and quartic force constants, respectively. 

𝐻̂0 =
𝑃2

2𝑚
+

1

2
𝑘𝑋2; 𝑉̂ = 𝐶𝑋3 + 𝑄𝑋4 

where, 

𝐻̂0 =
𝑃2

2𝑚
+

1

2
𝑚𝜔2𝑋2 

𝐻̂0

ℏ𝜔
=

1

2
[

𝑃2

𝑚𝜔ℏ
+

𝑚𝜔

ℏ
𝑋2] =

1

2
[

𝑃2

(√𝑚𝜔ℏ)
2 + (√

𝑚𝜔

ℏ
)

2

𝑋2] 

Define: ℋ0 = 𝐻̂0 ℏ𝜔,  ⁄ 𝑝 = 𝑃 √𝑚𝜔ℏ⁄  and 𝑞 = √𝑚𝜔 ℏ⁄ 𝑋 

∴ ℋ0 =
1

2
(𝑞2 + 𝑝2) 

Define: 𝑎 =
1

√2
(𝑞 + 𝑖𝑝) and 𝑎† =

1

√2
(𝑞 − 𝑖𝑝) 

𝑋̂ = (
ℏ

2𝑚𝜔
)

1 2⁄

(𝑎 + 𝑎†) 

We already know: 

𝑎𝑎† =
1

2
(𝑞2 + 𝑝2) +

1

2
 and 𝑎†𝑎 =

1

2
(𝑞2 + 𝑝2) −

1

2
 

⇒ 𝑎𝑎† + 𝑎†𝑎 = (𝑞2 + 𝑝2) 

∵ ℋ0 =
1

2
(𝑞2 + 𝑝2) 

𝐻̂0

ℏ𝜔
=

1

2
(𝑞2 + 𝑝2) =

1

2
(𝑎𝑎† + 𝑎†𝑎) 

𝐻̂0 =
1

2
ℏ𝜔(𝑎𝑎† + 𝑎†𝑎) 

Unperturbed energies, 𝐸𝑛
(0)

= (𝑛 + 1 2⁄ )ℏ𝜔 

Unperturbed wavefunctions, 𝜓𝑛
(0)

= |𝑛⟩; perturbation, 𝑉̂ = 𝐶𝑋3 + 𝑄𝑋4; 𝐶 and 𝑄 are expansion coefficients, 

like 𝜆; when 𝐶 → 0 and 𝑄 → 0, 𝐻̂ → 𝐻̂0. 

𝐸𝑛
(1)

= ⟨𝑛|𝑉̂|𝑛⟩ = ⟨𝑛|𝐶𝑋3 + 𝑄𝑋4|𝑛⟩ = 𝐶⟨𝑛|𝑋3|𝑛⟩ + 𝑄⟨𝑛|𝑋4|𝑛⟩ 

First consider the cubic term. 

𝑋 ∝ (𝑎 + 𝑎†)
3

 

Multiply out...; there will be many terms... 

𝑎𝑎𝑎,  𝑎𝑎𝑎†,  𝑎𝑎†𝑎, 𝑎†𝑎𝑎, 𝑎†𝑎†𝑎,  … , 𝑎†𝑎†𝑎† 
None of the terms have the same number of raising and lowering operators. 

𝑎|𝑛⟩ = √𝑛|𝑛 − 1⟩; 𝑎†|𝑛⟩ = √𝑛 + 1|𝑛 + 1⟩ 
⟨𝑛|𝑋3|𝑛⟩ = 0 

⟨𝑛|𝑋4|𝑛⟩ = (
ℏ

2𝑚𝜔
)

2

⟨𝑛|(𝑎 + 𝑎†)
4

|𝑛⟩ 

(𝑎 + 𝑎†)
4

has terms with same number of raising and lowering operators. 

∴ ⟨𝑛|(𝑎 + 𝑎†)
4

|𝑛⟩ ≠ 0 

Using 𝑎|𝑛⟩ = √𝑛|𝑛 − 1⟩ and 𝑎†|𝑛⟩ = √𝑛 + 1|𝑛 + 1⟩. Only terms with the same number of raising and 
lowering operators are non-zero. There are six terms. 

⟨𝑛|𝑎𝑎𝑎†𝑎†|𝑛⟩ = (𝑛 + 1)(𝑛 + 2) 

⟨𝑛|𝑎†𝑎†𝑎𝑎|𝑛⟩ = 𝑛(𝑛 − 1) 

⟨𝑛|𝑎𝑎†𝑎𝑎†|𝑛⟩ = (𝑛 + 1)2 

⟨𝑛|𝑎†𝑎𝑎†𝑎|𝑛⟩ = 𝑛2 

⟨𝑛|𝑎𝑎†𝑎†𝑎|𝑛⟩ = 𝑛(𝑛 + 1) 

⟨𝑛|𝑎†𝑎𝑎𝑎†|𝑛⟩ =  (𝑛 + 1)𝑛 
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∴ ⟨𝑛|(𝑎 + 𝑎†)
4

|𝑛⟩ = ⟨𝑛|𝑎𝑎𝑎†𝑎† + 𝑎†𝑎†𝑎𝑎 + 𝑎𝑎†𝑎𝑎† + 𝑎†𝑎𝑎†𝑎 + 𝑎𝑎†𝑎†𝑎 + 𝑎†𝑎𝑎𝑎†|𝑛⟩ 

⇒ ⟨𝑛|(𝑎 + 𝑎†)
4

|𝑛⟩ = ⟨𝑛|𝑎𝑎𝑎†𝑎†|𝑛⟩ + ⟨𝑛|𝑎†𝑎†𝑎𝑎|𝑛⟩ + ⟨𝑛|𝑎𝑎†𝑎𝑎†|𝑛⟩ + ⟨𝑛|𝑎†𝑎𝑎†𝑎|𝑛⟩ + ⟨𝑛|𝑎𝑎†𝑎†𝑎|𝑛⟩ + ⟨𝑛|𝑎†𝑎𝑎𝑎†|𝑛⟩ 

∴ ⟨𝑛|(𝑎 + 𝑎†)
4

|𝑛⟩ = 6 (𝑛2 + 𝑛 +
1

2
) 

𝐸𝑛
(1)

= 𝐶⟨𝑛|𝑋3|𝑛⟩ + 𝑄⟨𝑛|𝑋4|𝑛⟩ = 𝐶 × 0 + 𝑄 × (
ℏ

2𝑚𝜔
)

2

⟨𝑛|(𝑎 + 𝑎†)
4

|𝑛⟩ 

∴ 𝐸𝑛
(1)

= 𝑄 × (
ℏ

2𝑚𝜔
)

2

6 (𝑛2 + 𝑛 +
1

2
) =

3

2

𝑄ℏ2

𝑚2𝜔2
(𝑛2 + 𝑛 +

1

2
) 

∴ 𝐸𝑛 ≈ 𝐸𝑛
(0)

+ 𝐸𝑛
(1)

+ 𝐸𝑛
(2)

= (𝑛 +
1

2
) ℏ𝜔 +

3

2

𝑄ℏ2

𝑚2𝜔2
(𝑛2 + 𝑛 +

1

2
) 

• Energy levels not equally spaced. 
• Real molecules, levels get closer together – 𝑄 is negative. 

• Correction grows with n faster than zeroth order term → decrease in level spacing. 
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STARK EFFECT ON HYDROGEN ATOM 
Effect of an applied electric field on the energy levels of a hydrogen atom. External uniform weak electric 

field ℇ⃗⃗ = ℇ𝑘⃗  applied along the +ve 𝑍 axis. Hydrogen atom is in its ground state. The spin degrees of freedom 
are ignored. The unperturbed Hamiltonian: 

𝐻0 =
𝑝2

2𝜇
−

𝑒2

𝑟
 

The unperturbed eigenvalues are 𝐸𝑛𝑙𝑚
(0)

, and the corresponding eigenfunctions are 𝜓𝑛𝑙𝑚
(0)

= 𝑅𝑛𝑙(𝑟)𝑌𝑙𝑚(𝜃, 𝜙). 

When the electric field ℇ⃗⃗ = ℇ𝑘⃗  (applied along the +ve 𝑍 axis) is switched on, the system “sees” the 

perturbation, 𝐻′ = 𝑒ℇ⃗⃗  ⋅ 𝑟 = 𝑒ℇ𝑧. The overall Hamiltonian: 𝐻 = 𝐻0 + 𝑉. The ground state of the H atom 

(𝐸100
(0)

, 𝜓100
(0)

)  is non-degenerate; non-degenerate perturbation theory is applicable. The ground state energy 

of the H atom that is correct up to second-order in perturbation: 

𝐸100 ≈ 𝐸100
(0)

+ 𝐸100
(1)

+ 𝐸100
(2)

 

A quick recap: If m = n, 𝛿𝑚𝑛 = 1 

𝐸𝑛
(1)

= ⟨𝜓𝑛
(0)

|𝑉|𝜓𝑛
(0)

⟩ = ∫𝜓𝑛
(0)∗

𝑉𝜓𝑛
(0)

𝑑𝑞 

𝐸𝑛
(2)

= ∑
|⟨𝜓𝑚

(0)
|𝑉|𝜓𝑛

(0)
⟩|

2

𝐸𝑛
(0)

− 𝐸𝑚
(0)

𝑚≠𝑛

 

𝐸100 ≈ 𝐸100
(0)

+ 𝐸100
(1)

+ 𝐸100
(2)

= 𝐸100
(0)

+ 𝑒ℇ⟨100|𝑧|100⟩ + 𝑒2ℇ2 ∑
|⟨𝑛𝑙𝑚|𝑧|100⟩|2

𝐸100
(0)

− 𝐸𝑛𝑙𝑚
(0)

𝑛𝑙𝑚≠100

 

⟨100|𝑧|100⟩ = ∫ |𝜓100
(0)

|
2

𝑧𝑑𝜏 = ∫ ∫ ∫ |𝜓100
(0)

|
2
(𝑟 cos𝜃)𝑟2𝑑𝑟 sin𝜃 𝑑𝜃𝑑𝜙

2𝜋

0

𝜋

0

= 0

∞

0

 

There can be no correction term to the energy which is proportional to the first power (linear) of the electric 

field ℇ → No linear Stark effect. In the ground state, the H atom has no dipole moment.  
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TWO-ELECTRON SYSTEMS: PERTURBATIVE TREATMENT 
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DEGENERATE-STATE PERTURBATION THEORY 
Need: A perturbation theory for energy states that are degenerate… 
A two-fold degenerate system 

Same unperturbed energy, 𝐸(0) 

Different unperturbed eigenfunctions, 𝜓𝑎
(0)

,  𝜓𝑏
(0)

 

𝐻0𝜓𝑎
(0)

= 𝐸(0)𝜓𝑎
(0)

;  𝐻0𝜓𝑏
(0)

= 𝐸(0)𝜓𝑏
(0)

 

Unperturbed functions are orthonormal, 

⟨𝜓𝑎
(0)

|𝜓𝑏
(0)

⟩ = 𝛿𝑎𝑏 

Define: an arbitrary linear combination of 𝜓𝑎
(0)

,  𝜓𝑏
(0)

 

𝜓(0) = 𝛼𝜓𝑎
(0)

+ 𝛽𝜓𝑏
(0)

 

𝜓(0) is also an eigenfunction of 𝐻0 with an eigenvalue 𝐸(0) 
Proof: 

𝐻0𝜓(0) = 𝐻0 (𝛼𝜓𝑎
(0)

+ 𝛽𝜓𝑏
(0)

) = 𝐻0 (𝛼𝜓𝑎
(0)

) + 𝐻0 (𝛽𝜓𝑏
(0)

) 

𝐻0𝜓(0) = 𝛼 (𝐻0𝜓𝑎
(0)

) + 𝛽 (𝐻0𝜓𝑏
(0)

) = 𝛼 (𝐸(0)𝜓𝑎
(0)

) + 𝛽 (𝐸(0)𝜓𝑏
(0)

) 

𝐻0𝜓(0) = 𝐸(0) (𝛼𝜓𝑎
(0)

+ 𝛽𝜓𝑏
(0)

) = 𝐸(0)𝜓(0) (unperturbed problem) 

Problem to solve: 𝐻𝜓 = 𝐸𝜓; with the partitioning: 𝐻 = 𝐻0 + 𝐻′(𝜆 = 1) 
Taylor’s series expansion: (𝜆 = 1) 

𝐸 = 𝐸(0) + 𝐸(1) + 𝐸(2) + ⋯ ; 𝜓 = 𝜓(0) + 𝜓(1) + 𝜓(2) + ⋯ 
(𝐻0 + 𝐻′)(𝜓(0) + 𝜓(1) + 𝜓(2) + ⋯ ) = (𝐸(0) + 𝐸(1) + 𝐸(2) + ⋯ )(𝜓(0) + 𝜓(1) + 𝜓(2) + ⋯ ) 

Equating the coefficients of the like powers of 𝜆 

𝐻0𝜓(0) = 𝐸(0)𝜓(0)(unperturbed problem): coefficients of 𝜆0 
𝐻0𝜓(1) + 𝐻′𝜓(0) = 𝐸(0)𝜓(1) + 𝐸(1)𝜓(0); coefficients of 𝜆1 

𝐻0𝜓(1) − 𝐸(0)𝜓(1) = 𝐸(1)𝜓(0) − 𝐻′𝜓(0) 

Left multiplication by 𝜓𝑎
(0)∗

 (complex conjugate of one of the degenerate unperturbed functions) and 
integration over all space 

⟨𝜓𝑎
(0)

|𝐻0|𝜓(1)⟩ − 𝐸(0) ⟨𝜓𝑎
(0)

|𝜓(1)⟩ = 𝐸(1) ⟨𝜓𝑎
(0)

|𝜓(0)⟩ − ⟨𝜓𝑎
(0)

|𝐻′|𝜓(0)⟩ 

Hermitian property of 𝐻0 

⟨𝜓𝑎
(0)

|𝐻0|𝜓(1)⟩ = ⟨𝜓(1)|𝐻0|𝜓𝑎
(0)

⟩
∗

= 𝐸(0)∗ ⟨𝜓(1)|𝜓𝑎
(0)

⟩
∗

= 𝐸(0) ⟨𝜓𝑎
(0)

|𝜓(1)⟩ 

∴ 0 = 𝐸(1) ⟨𝜓𝑎
(0)

|𝜓(0)⟩ − ⟨𝜓𝑎
(0)

|𝐻′|𝜓(0)⟩ 

or, 𝐸(1) ⟨𝜓𝑎
(0)

|𝜓(0)⟩ = ⟨𝜓𝑎
(0)

|𝐻′|𝜓(0)⟩ 

Now, 𝜓(0) = 𝛼𝜓𝑎
(0)

+ 𝛽𝜓𝑏
(0)

 

𝐸(1) ⟨𝜓𝑎
(0)

|𝛼𝜓𝑎
(0)

+ 𝛽𝜓𝑏
(0)

⟩ = ⟨𝜓𝑎
(0)

|𝐻′|𝛼𝜓𝑎
(0)

+ 𝛽𝜓𝑏
(0)

⟩ 

𝐸(1) {𝛼 ⟨𝜓𝑎
(0)

|𝜓𝑎
(0)

⟩ + 𝛽 ⟨𝜓𝑎
(0)

|𝜓𝑏
(0)

⟩} = 𝛼 ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑎
(0)

⟩ + 𝛽 ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑏
(0)

⟩ 

⟨𝜓𝑎
(0)

|𝜓𝑎
(0)

⟩ = 1; ⟨𝜓𝑎
(0)

|𝜓𝑏
(0)

⟩ = 0 

𝛼𝐸(1) = 𝛼 ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑎
(0)

⟩ + 𝛽 ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑏
(0)

⟩ = 𝛼𝑊𝑎𝑎 + 𝛽𝑊𝑎𝑏 

where, 𝑊𝑖𝑗 = ⟨𝜓𝑖
(0)

|𝐻′|𝜓𝑗
(0)

⟩ ,  (𝑖,  𝑗 = 𝑎,  𝑏) 

𝛼𝐸(1) = 𝛼𝑊𝑎𝑎 + 𝛽𝑊𝑎𝑏 
We will use this equation very soon… 

𝐻0𝜓(1) − 𝐸(0)𝜓(1) = 𝐸(1)𝜓(0) − 𝐻′𝜓(0) 

Left multiplication by 𝜓𝑏
(0)∗ (complex conjugate of the other degenerate unperturbed function) and 

integration over all space 
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⟨𝜓𝑏
(0)

|𝐻0|𝜓(1)⟩ − 𝐸(0) ⟨𝜓𝑏
(0)

|𝜓(1)⟩ = 𝐸(1) ⟨𝜓𝑏
(0)

|𝜓(0)⟩ − ⟨𝜓𝑏
(0)

|𝐻′|𝜓(0)⟩ 

Hermitian property of 𝐻0 

⟨𝜓𝑏
(0)

|𝐻0|𝜓(1)⟩ = ⟨𝜓(1)|𝐻0|𝜓𝑏
(0)

⟩
∗

= 𝐸(0)∗ ⟨𝜓(1)|𝜓𝑏
(0)

⟩
∗

= 𝐸(0) ⟨𝜓𝑏
(0)

|𝜓(1)⟩ 

∴ 0 = 𝐸(1) ⟨𝜓𝑏
(0)

|𝜓(0)⟩ − ⟨𝜓𝑏
(0)

|𝐻′|𝜓(0)⟩ 

or, 𝐸(1) ⟨𝜓𝑏
(0)

|𝜓(0)⟩ = ⟨𝜓𝑏
(0)

|𝐻′|𝜓(0)⟩ 

Now, 𝜓(0) = 𝛼𝜓𝑎
(0)

+ 𝛽𝜓𝑏
(0)

 

𝐸(1) ⟨𝜓𝑏
(0)

|𝛼𝜓𝑎
(0)

+ 𝛽𝜓𝑏
(0)

⟩ = ⟨𝜓𝑏
(0)

|𝐻′|𝛼𝜓𝑎
(0)

+ 𝛽𝜓𝑏
(0)

⟩ 

𝐸(1) {𝛼 ⟨𝜓𝑏
(0)

|𝜓𝑎
(0)

⟩ + 𝛽 ⟨𝜓𝑏
(0)

|𝜓𝑏
(0)

⟩} = 𝛼 ⟨𝜓𝑏
(0)

|𝐻′|𝜓𝑎
(0)

⟩ + 𝛽 ⟨𝜓𝑏
(0)

|𝐻′|𝜓𝑏
(0)

⟩ 

⟨𝜓𝑏
(0)

|𝜓𝑎
(0)

⟩ = 0; ⟨𝜓𝑏
(0)

|𝜓𝑏
(0)

⟩ = 1 

𝛽𝐸(1) = 𝛼 ⟨𝜓𝑏
(0)

|𝐻′|𝜓𝑎
(0)

⟩ + 𝛽 ⟨𝜓𝑏
(0)

|𝐻′|𝜓𝑏
(0)

⟩ = 𝛼𝑊𝑏𝑎 + 𝛽𝑊𝑏𝑏 

where, 𝑊𝑖𝑗 = ⟨𝜓𝑖
(0)

|𝐻′|𝜓𝑗
(0)

⟩ ,  (𝑖,  𝑗 = 𝑎,  𝑏) 

𝛽𝐸(1) = 𝛼𝑊𝑏𝑎 + 𝛽𝑊𝑏𝑏 

𝛼𝐸(1) = 𝛼𝑊𝑎𝑎 + 𝛽𝑊𝑎𝑏 

𝛽𝑊𝑎𝑏 = 𝛼𝐸(1) − 𝛼𝑊𝑎𝑎 

𝛽𝐸(1) = 𝛼𝑊𝑏𝑎 + 𝛽𝑊𝑏𝑏 

(𝛽𝐸(1) = 𝛼𝑊𝑏𝑎 + 𝛽𝑊𝑏𝑏) × 𝑊𝑎𝑏 

𝐸(1)𝛽𝑊𝑎𝑏 = 𝛼𝑊𝑏𝑎𝑊𝑎𝑏 + 𝛽𝑊𝑎𝑏𝑊𝑏𝑏 

𝐸(1)(𝛼𝐸(1) − 𝛼𝑊𝑎𝑎) = 𝛼𝑊𝑏𝑎𝑊𝑎𝑏 + 𝑊𝑏𝑏(𝛼𝐸(1) − 𝛼𝑊𝑎𝑎) 

𝛼(𝐸(1) − 𝑊𝑎𝑎)(𝐸(1) − 𝑊𝑏𝑏) = 𝛼𝑊𝑏𝑎𝑊𝑎𝑏 

If 𝛼 ≠ 0, then 

(𝐸(1) − 𝑊𝑎𝑎)(𝐸(1) − 𝑊𝑏𝑏) = 𝑊𝑏𝑎𝑊𝑎𝑏 

𝐸(1)2
− 𝐸(1)(𝑊𝑎𝑎 + 𝑊𝑏𝑏) + (𝑊𝑎𝑎𝑊𝑏𝑏 − 𝑊𝑎𝑏𝑊𝑏𝑎) = 0 

By definition, 𝑊𝑏𝑎 = ⟨𝜓𝑏
(0)

|𝐻′|𝜓𝑎
(0)

⟩ = ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑏
(0)

⟩
∗

= 𝑊𝑎𝑏
∗  

∴ 𝑊𝑎𝑏𝑊𝑏𝑎 = 𝑊𝑎𝑏𝑊𝑎𝑏
∗ = |𝑊𝑎𝑏|2 

𝐸(1)2
− 𝐸(1)(𝑊𝑎𝑎 + 𝑊𝑏𝑏) + (𝑊𝑎𝑎𝑊𝑏𝑏 − 𝑊𝑎𝑏𝑊𝑏𝑎) = 0 

𝐸(1)2
− (𝑊𝑎𝑎 + 𝑊𝑏𝑏)𝐸(1) + (𝑊𝑎𝑎𝑊𝑏𝑏 − |𝑊𝑎𝑏|2) = 0 

𝐸±
(1)

=
(𝑊𝑎𝑎 + 𝑊𝑏𝑏) ± √(𝑊𝑎𝑎 + 𝑊𝑏𝑏)2 − 4(𝑊𝑎𝑎𝑊𝑏𝑏 − |𝑊𝑎𝑏|2)

2
 

𝐸±
(1)

=
1

2
[(𝑊𝑎𝑎 + 𝑊𝑏𝑏) ± √(𝑊𝑎𝑎 − 𝑊𝑏𝑏)2 + 4|𝑊𝑎𝑏|2] 

This is a fundamental result of the degenerate perturbation theory. 

𝛼𝐸(1) = 𝛼𝑊𝑎𝑎 + 𝛽𝑊𝑎𝑏 

𝛽𝐸(1) = 𝛼𝑊𝑏𝑎 + 𝛽𝑊𝑏𝑏 
The above is equivalent to 

(
𝑊𝑎𝑎 𝑊𝑎𝑏

𝑊𝑏𝑎 𝑊𝑏𝑏
) (

𝛼
𝛽) = 𝐸(1) (

𝛼
𝛽) 

𝐸(1) are the eigenvalues of the matrix 

𝑊 = (
𝑊𝑎𝑎 𝑊𝑎𝑏

𝑊𝑏𝑎 𝑊𝑏𝑏
) 
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Applications to Simple Systems 

𝛼𝐸(1) = 𝛼𝑊𝑎𝑎 + 𝛽𝑊𝑎𝑏. If 𝛼 = 0, 𝛽 = 1, so that 𝑊𝑎𝑏 = 0. 

𝛽𝐸(1) = 𝛼𝑊𝑏𝑎 + 𝛽𝑊𝑏𝑏. 𝐸(1) = 𝑊𝑏𝑏. 

𝐸±
(1)

=
1

2
[(𝑊𝑎𝑎 + 𝑊𝑏𝑏) ± √(𝑊𝑎𝑎 − 𝑊𝑏𝑏)2 + 4|𝑊𝑎𝑏|2] 

For 𝛼 = 0, 𝛽 = 1, so that 𝑊𝑎𝑏 = 0. Consider the ‘−’ sign... 

𝐸−
(1) =

1

2
[(𝑊𝑎𝑎 + 𝑊𝑏𝑏) − √(𝑊𝑎𝑎 − 𝑊𝑏𝑏)2 + 4 × 0] 
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𝐸−
(1) =

1

2
[(𝑊𝑎𝑎 + 𝑊𝑏𝑏) − (𝑊𝑎𝑎 − 𝑊𝑏𝑏)] = 𝑊𝑏𝑏 

Similarly, 𝛼 = 1, 𝛽 = 0, we will have 𝑊𝑏𝑎 = 0, and 𝐸(1) = 𝑊𝑎𝑎. 

𝐸+
(1)

=
1

2
[(𝑊𝑎𝑎 + 𝑊𝑏𝑏) + (𝑊𝑎𝑎 − 𝑊𝑏𝑏)] = 𝑊𝑎𝑎 

𝐸+
(1)

= 𝑊𝑎𝑎 = ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑎
(0)

⟩ 

𝐸−
(1) = 𝑊𝑏𝑏 = ⟨𝜓𝑏

(0)
|𝐻′|𝜓𝑏

(0)
⟩ 

This result can be obtained using the non-degenerate perturbation theory. We are lucky! The states 𝜓𝑎
(0)

 and 

𝜓𝑏
(0)

 were already the "good" linear combinations. Obviously, it would be greatly to our advantage if we 

could somehow guess the "good" states right from the start – then we could go ahead and use non-
degenerate perturbation theory. 

An important theorem: Let 𝐴 be a Hermitian operator that commutes with both 𝐻0 and 𝐻′. If 𝜓𝑎
(0)

 and 

𝜓𝑏
(0)

(the degenerate eigenfunctions of 𝐻0) are also eigenfunctions of 𝐴, with distinct eigenvalues, 𝐴𝜓𝑎
(0)

=

𝜇𝜓𝑎
(0)

 and 𝐴𝜓𝑏
(0)

= 𝜈𝜓𝑏
(0)

, and 𝜇 ≠ 𝜈, then 𝑊𝑎𝑏 = 0 (and hence 𝜓𝑎
(0)

 and 𝜓𝑏
(0)

 are the “good” states to use 

in perturbation theory. 
Proof: By assumption, as the Hermitian operator 𝐴 commutes with both 𝐻0 and 𝐻′, [𝐴, 𝐻′] = 0. Therefore, 

⟨𝜓𝑎
(0)

|[𝐴, 𝐻′]|𝜓𝑏
(0)

⟩ = 0. Now, 

⟨𝜓𝑎
(0)

|[𝐴, 𝐻′]|𝜓𝑏
(0)

⟩ = ⟨𝜓𝑎
(0)

|𝐴𝐻′ − 𝐻′𝐴|𝜓𝑏
(0)

⟩ = ⟨𝜓𝑎
(0)

|𝐴𝐻′|𝜓𝑏
(0)

⟩ − ⟨𝜓𝑎
(0)

|𝐻′𝐴|𝜓𝑏
(0)

⟩

= ⟨𝐴𝜓𝑎
(0)

|𝐻′|𝜓𝑏
(0)

⟩ − 𝜈 ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑏
(0)

⟩ = (𝜇 − 𝜈) ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑏
(0)

⟩ = (𝜇 − 𝜈)𝑊𝑎𝑏 

∵ 𝜇 ≠ 𝜈, 𝑊𝑎𝑏 = 0. 
Moral: If we encounter degenerate states, we should look around (that is, search for) some Hermitian 
operator 𝐴 that commutes with both 𝐻0 and 𝐻′; we pick as our unperturbed states ones that are 
simultaneously eigenfunctions of 𝐻0 and 𝐴; then we use the ordinary (non-degenerate) first-order 
perturbation theory. 

What if we do not find some Hermitian operator 𝑨 that commutes with both 𝑯𝟎 and 𝑯′? 
Degenerate perturbation on a three-dimensional infinite cubical well: 

𝑉(𝑥, 𝑦, 𝑧) = {
0,  
∞,  

if 0 < 𝑥 < 𝑎,  0 < 𝑦 < 𝑎,  0 < 𝑧 < 𝑎
elsewhere

 

The stationary states are (here, the unperturbed ones): 

𝜓𝑛𝑥,𝑛𝑦,𝑛𝑧

(0)
(𝑥, 𝑦, 𝑧) = (

2

𝑎
)

3 2⁄

sin (
𝜋𝑛𝑥

𝑎
𝑥) sin (

𝜋𝑛𝑦

𝑎
𝑦) sin (

𝜋𝑛𝑧

𝑎
𝑧) 

𝑛𝑥 , 𝑛𝑦, 𝑛𝑧 are positive integers (excluding zero); the energies are given by 

𝐸𝑛𝑥,𝑛𝑦,𝑛𝑧

(0)
=

𝜋2ℏ2

2𝑚𝑎2 (𝑛𝑥
2 + 𝑛𝑦

2 + 𝑛𝑧
2) 

What are energies of the ground and the first excited states? Are these states degenerate? If so, what are 

the degeneracies? The ground state (𝑛𝑥 = 𝑛𝑦 = 𝑛𝑧 = 1) is non-degenerate: 𝜓111
(0)

 

𝐸111
(0)

= 3
𝜋2ℏ2

2𝑚𝑎2
= 𝐸0

(0)
 

The next state is the first excited state and is triply degenerate: (𝑛𝑥 , 𝑛𝑦, 𝑛𝑧): (112),  (121),  (211);  the 

eigenfunctions are: 𝜓112
(0)

, 𝜓121
(0)

, 𝜓211
(0)

 

𝐸112
(0)

= 𝐸121
(0)

= 𝐸211
(0)

= 6
𝜋2ℏ2

2𝑚𝑎2
= 𝐸1

(0)
 

We introduce a perturbation, 𝐻′  

𝐻′ = {
𝑉0,  
0,  

if 0 < 𝑥 < 𝑎 2⁄ ,  0 < 𝑦 < 𝑎 2⁄ ,  0 < 𝑧 < 𝑎
elsewhere
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What is the first-order correction to the ground state energy, 𝐸0

(0)
? Note that:  

∫ sin2(𝑎𝑥)𝑑𝑥 = −
1

2𝑎
cos(𝑎𝑥) sin(𝑎𝑥) +

𝑥

2
 

The first-order correction to 𝐸0
(0)

:  

𝐸0
(1)

= ⟨𝜓111
(0)

|𝐻′|𝜓111
(0)

⟩ = (
2

𝑎
)

3

𝑉0 ∫ sin2 (
𝜋

𝑎
𝑥) 𝑑𝑥

𝑎 2⁄

0

∫ sin2 (
𝜋

𝑎
𝑦) 𝑑𝑦

𝑎 2⁄

0

∫ sin2 (
𝜋

𝑎
𝑧) 𝑑𝑧

𝑎

0

 

∴ 𝐸0
(1)

= (
2

𝑎
)

3

𝑉0 (
𝑎 2⁄

2
)

2
𝑎

2
=

𝑉0

4
 

Our next mission is to calculate the first-order correction to the energy of the first excited state. Here, the 
states are degenerate and we need to use degenerate perturbation theory, i.e. we need to calculate all 
elements of the 3 × 3 matrix 

𝑊𝑖𝑗 = ⟨𝜓𝑖
(0)

|𝐻′|𝜓𝑗
(0)

⟩ 

𝑊 = (

𝑊𝑎𝑎 𝑊𝑎𝑏 𝑊𝑎𝑐

𝑊𝑏𝑎 𝑊𝑏𝑏 𝑊𝑏𝑐

𝑊𝑐𝑎 𝑊𝑐𝑏 𝑊𝑐𝑐

) 

𝜓112
(0)

= 𝜓𝑎
(0)

; 𝜓121
(0)

= 𝜓𝑏
(0)

;  𝜓211
(0)

= 𝜓𝑐
(0)

   

Now, let us calculate all the matrix elements. Note that:  

∫ sin2(𝑎𝑥)𝑑𝑥 = −
1

2𝑎
cos(𝑎𝑥) sin(𝑎𝑥) +

𝑥

2
 

∫ sin(𝑏1𝑥) sin(𝑏2𝑥) 𝑑𝑥 =
sin[(𝑏1 − 𝑏2)𝑥]

2(𝑏1 − 𝑏2)
−

sin[(𝑏1 + 𝑏2)𝑥]

2(𝑏1 + 𝑏2)
,  for |𝑏1| ≠ |𝑏2| 

Evaluation of the matrix elements:  

𝑊𝑎𝑎 = ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑎
(0)

⟩ = ⟨𝜓112
(0)

|𝐻′|𝜓112
(0)

⟩

= (
2

𝑎
)

3

𝑉0 ∫ sin2 (
𝜋𝑥

𝑎
) 𝑑𝑥

𝑎 2⁄

0

∫ sin2 (
𝜋𝑦

𝑎
) 𝑑𝑦

𝑎 2⁄

0

∫ sin2 (
2𝜋𝑧

𝑎
) 𝑑𝑧

𝑎

0

= (
2

𝑎
)

3

𝑉0 (
𝑎 2⁄

2
)

2
𝑎

2
 

∴ 𝑊𝑎𝑎 =
𝑉0

4
 

Similarly, 𝑊𝑏𝑏 = 𝑊𝑐𝑐 = 𝑉0 4⁄ = 𝑊𝑎𝑎 (same as the ground state). 

𝑊𝑎𝑏 = ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑏
(0)

⟩ = ⟨𝜓112
(0)

|𝐻′|𝜓121
(0)

⟩

= (
2

𝑎
)

3

𝑉0 ∫ sin2 (
𝜋𝑥

𝑎
) 𝑑𝑥

𝑎 2⁄

0

∫ sin (
𝜋𝑦

𝑎
) sin (

2𝜋𝑦

𝑎
)

𝑎 2⁄

0

𝑑𝑦 ∫ sin (
2𝜋𝑧

𝑎
) sin (

𝜋𝑧

𝑎
) 𝑑𝑧

𝑎

0

 

∫ sin (
𝜋𝑦

𝑎
) sin (

2𝜋𝑦

𝑎
)

𝑎 2⁄

0

𝑑𝑦 = [
sin(− 𝜋𝑦 𝑎⁄ )

2(− 𝜋 𝑎⁄ )
−

sin(3 𝜋𝑦 𝑎⁄ )

2 × 3𝜋 𝑎⁄
]

𝑎 2⁄

= 𝑎
sin(𝜋 2⁄ )

2𝜋
−

𝑎

6𝜋
sin (

3𝜋

2
) =

𝑎

2𝜋
+

𝑎

6𝜋

=
2𝑎

3𝜋
 

∫ sin(𝑏1𝑥) sin(𝑏2𝑥) 𝑑𝑥 =
sin[(𝑏1 − 𝑏2)𝑥]

2(𝑏1 − 𝑏2)
−

sin[(𝑏1 + 𝑏2)𝑥]

2(𝑏1 + 𝑏2)
,  for |𝑏1| ≠ |𝑏2| 
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𝑏1 =
𝜋

𝑎
, 𝑏2 =

2𝜋

𝑎
; ∫ sin (

2𝜋𝑧

𝑎
) sin (

𝜋𝑧

𝑎
) 𝑑𝑧

𝑎

0

= 0, 

since we will get sin 𝜋 and sin 3𝜋. 

𝑊𝑎𝑏 = ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑏
(0)

⟩ = ⟨𝜓112
(0)

|𝐻′|𝜓121
(0)

⟩ = 0 

𝑊𝑎𝑏 = ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑏
(0)

⟩ = ⟨𝜓112
(0)

|𝐻′|𝜓121
(0)

⟩ = ⟨𝜓121
(0)

|𝐻′|𝜓112
(0)

⟩ = 𝑊𝑏𝑎 = 0 

𝑊𝑎𝑐 = ⟨𝜓𝑎
(0)

|𝐻′|𝜓𝑐
(0)

⟩ = ⟨𝜓112
(0)

|𝐻′|𝜓211
(0)

⟩ = ⟨𝜓211
(0)

|𝐻′|𝜓112
(0)

⟩ = 𝑊𝑐𝑎 = 0, since we get the same 𝑧 dependent 

integral as in 𝑊𝑎𝑏. 

𝑊𝑏𝑐 = ⟨𝜓𝑏
(0)

|𝐻′|𝜓𝑐
(0)

⟩ = ⟨𝜓121
(0)

|𝐻′|𝜓211
(0)

⟩

= (
2

𝑎
)

3

𝑉0 ∫ sin (
𝜋𝑥

𝑎
) sin (

2𝜋𝑥

𝑎
) 𝑑𝑥

𝑎 2⁄

0

∫ sin (
2𝜋𝑦

𝑎
) sin (

𝜋𝑦

𝑎
)

𝑎 2⁄

0

𝑑𝑦 ∫ sin2 (
𝜋𝑧

𝑎
) 𝑑𝑧

𝑎

0

 

∴ 𝑊𝑏𝑐 = (
2

𝑎
)

3

𝑉0

𝑎

3𝜋

𝑎

3𝜋

𝑎

2
=

4

9𝜋2
𝑉0 = 𝑊𝑐𝑏 

𝑊 = (
𝑊𝑎𝑎 𝑊𝑎𝑏 𝑊𝑎𝑐

𝑊𝑏𝑎 𝑊𝑏𝑏 𝑊𝑏𝑐

𝑊𝑐𝑎 𝑊𝑐𝑏 𝑊𝑐𝑐

) = (

𝑉0 4⁄ 0 0

0 𝑉0 4⁄ 16𝑉0 9𝜋2⁄

0 16𝑉0 9𝜋2⁄ 𝑉0 4⁄

) 

∴ 𝑊 =
𝑉0

4
(

1 0 0
0 1 (8 3𝜋⁄ )2

0 (8 3𝜋⁄ )2 1
) =

𝑉0

4
(

1 0 0
0 1 𝜅
0 𝜅 1

) ; 𝜅 = (8 3𝜋⁄ )2 = 0.7205 

∴ 𝑊 =
𝑉0

4
(

1 0 0
0 1 𝜅
0 𝜅 1

) ; 𝜅 = (8 3𝜋⁄ )2 = 0.7205 ⇒
4𝑊

𝑉0
= (

1 0 0
0 1 𝜅
0 𝜅 1

) 

Therefore, the characteristic equation for 4𝑊 𝑉0⁄  will be: 

|
1 − 𝑊 0 0

0 1 − 𝑊 𝜅
0 𝜅 1 − 𝑊

| = 0 

⇒ (1 − 𝑊)[(1 − 𝑊)2 − 𝜅2] = 0 
or,  (1 − 𝑊)(1 − 𝑊 − 𝜅)(1 − 𝑊 + 𝜅) = 0 

𝑊1 = 1
𝑊2 = 1 + 𝜅 = 1.7205
𝑊3 = 1 − 𝜅 = 0.2795

 

𝐸112
(0)

= 𝐸121
(0)

= 𝐸211
(0)

= 6
𝜋2ℏ2

2𝑚𝑎2
= 𝐸1

(0)
 

𝐸1 ≈ 𝐸1
(0)

+ 𝑊𝑖 𝑉0 4⁄ ,  𝑖 = 1,  2,  3 

𝐸1
[1]

≈ 𝐸1
(0)

+ 𝑉0 4⁄ ; 𝐸1
[2]

≈ 𝐸1
(0)

+ (1 + 𝜅)𝑉0 4⁄ ; 𝐸1
[3]

≈ 𝐸1
(0)

+ (1 − 𝜅)𝑉0 4⁄  

 
"Good" unperturbed states are linear combination of the form 

𝜓(0) = 𝛼𝜓𝑎
(0)

+ 𝛽𝜓𝑏
(0)

+ 𝛾𝜓𝑐
(0)

 

The coefficients 𝛼,  𝛽 and 𝛾 are eigenvectors of 𝑊 

(
1 0 0
0 1 𝜅
0 𝜅 1

) (

𝛼
𝛽
𝛾

) = 𝑊 (

𝛼
𝛽
𝛾

) 

Let us now determine the eigenvectors corresponding to 𝑊1,  𝑊2 and 𝑊3 
For the root 𝑊1 = 1 
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(
1 0 0
0 1 𝜅
0 𝜅 1

) (

𝛼
𝛽
𝛾

) = 𝑊1 (

𝛼
𝛽
𝛾

) = 1 (

𝛼
𝛽
𝛾

) ⇒ (

𝛼
𝛽 + 𝜅𝛾
𝜅𝛽 + 𝛾

) = (

𝛼
𝛽
𝛾

) 

∴ 𝛼 = 1,  𝛽 = 𝛾 = 0 

∴ 𝜓1
(0)

= 𝜓𝑎
(0)

 

For the root 𝑊2 = 1 + 𝜅 

(
1 0 0
0 1 𝜅
0 𝜅 1

) (

𝛼
𝛽
𝛾

) = 𝑊2 (

𝛼
𝛽
𝛾

) = (1 + 𝜅) (

𝛼
𝛽
𝛾

) ⇒ (

𝛼
𝛽 + 𝜅𝛾
𝜅𝛽 + 𝛾

) = (1 + 𝜅) (

𝛼
𝛽
𝛾

) 

∴ 𝛼 = 0,  𝛽 = 𝛾 = 1 √2⁄  

∴ 𝜓2
(0)

=
1

√2
(𝜓𝑏

(0)
+ 𝜓𝑐

(0)
) 

For the root 𝑊3 = 1 − 𝜅 

(
1 0 0
0 1 𝜅
0 𝜅 1

) (

𝛼
𝛽
𝛾

) = 𝑊3 (

𝛼
𝛽
𝛾

) = (1 − 𝜅) (

𝛼
𝛽
𝛾

) ⇒ (

𝛼
𝛽 + 𝜅𝛾
𝜅𝛽 + 𝛾

) = (1 − 𝜅) (

𝛼
𝛽
𝛾

) 

∴ 𝛼 = 0,  𝛽 = −𝛾 

∴ 𝜓3
(0)

=
1

√2
(𝜓𝑏

(0)
− 𝜓𝑐

(0)
) 

If we apply non-degenerate perturbation theory to these three states, we will get correct results. We will not 

get correct results if we apply non-degenerate perturbation theory to original unperturbed states 𝜓𝑎
(0)

, 𝜓𝑏
(0)

 

and 𝜓𝑐
(0)

.  
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