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"I‘k Chapter 9

Perturbation Theory

9.1 Perturbation Theory

This chapter discusses the second major quantum-mechanical approximation method,
perturbation theory.

Suppose we have a system with a time-independent Hamiltonian operator H and we
are unable to solve the Schrodinger equation

Ay, = E, ©.1)

for the eigenfunctions and eigenvalues of the bound stationary states. Suppose also that
the Hamiltonian H is only slightly different from the Hamiltonian H® of a system whose
Schrodinger equation

A = Ey 9:2)
we can solve. An example is the one-dimensional anharmonic oscillator with
. nt d> 1
H=————5+ -k + e’ + dx* (9.3)
2m dx 2

The Hamiltonian (9.3) is closely related to the Hamiltonian

U . G
H o di? + 2kx 9.4)
of the harmonic oscillator. If the constants ¢ and d in (9.3) are small, we expect the eigen-
functions and eigenvalues of the anharmonic oscillator to be closely related to those of the
harmonic oscillator.
We shall call the system with Hamiltonian H° the unperturbed system. The system
with Hamiltonian A is the perturbed system. The difference between the two Hamil-
tonians is the perturbation H"

H =H-H° 9.5)

H=H"+ A (9.6)

(The prime does not denote differentiation.) For the anharmonic oscillator with Hamiltonian
(9.3), the perturbation on the related harmonic oscillator is H = e + dx’

In A% = EOy0) [Eq. 9.2)], E”) and ¢{*) are called the unperturbed energy
and unperturbed wave function of state n. For H° equal to the harmonic-oscillator
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Hamiltonian (9.4), E,(IO) is (n + %)hv [Eq. (4.45)], where n is a nonnegative integer.
(n is used instead of v for consistency with the perturbation-theory notation.) Note that
the superscript () does not mean the ground state. Perturbation theory can be applied to
any state. The subscript n labels the state we are dealing with. The superscript ©) denotes
the unperturbed system.

Our task is to relate the unknown eigenvalues and eigenfunctions of the perturbed
system to the known eigenvalues and eigenfunctions of the unperturbed system. To aid in
doing so, we shall imagine that the perturbation is applied gradually, giving a continuous
change from the unperturbed to the perturbed system. Mathematically, this corresponds
to inserting a parameter A into the Hamiltonian, so that

H=H"+ \H 9.7)

When A is zero, we have the unperturbed system. As A increases, the perturbation grows
larger, and at A = 1 the perturbation is fully “turned on.” We inserted A to help relate
the perturbed and unperturbed eigenfunctions, and ultimately we shall set A = 1, thereby
eliminating it.

Sections 9.1 to 9.7 deal with time-independent Hamiltonians and stationary states.
Section 9.8 deals with time-dependent perturbations.

9.2 Nondegenerate Perturbation Theory

The perturbation treatments of degenerate and nondegenerate energy levels differ. This
section examines the effect of a perturbation on a nondegenerate level. If some of the
energy levels of the unperturbed system are degenerate while others are nondegenerate,
the treatment in this section will apply to the nondegenerate levels only.

Nondegenerate Perturbation Theory

Let l//SLO) be the wave function of some particular unperturbed nondegenerate level with energy
EQ). Let s, be the perturbed wave function into which (%) is converted when the perturba-
tion is applied. From (9.1) and (9.7), the Schrodinger equation for the perturbed state is

Ay, = (H° + \H' W, = Egb, (9.8)

Since the Hamiltonian in (9.8) depends on the parameter A, both the eigenfunction ¢, and
the eigenvalue E, depend on A:

Yn = ¢u(A,q) and E, = E,(A)

where g denotes the system’s coordinates. We now expand ¢, and E, as Taylor series
(Prob. 4.1) in powers of A:

2 2
Yo = Yala=o + a:;\” A aa)lf;" Fo% 9.9)
E,=E,| =0 + aE, A+ CE, )ﬁ (9.10)
d\ |,—o dA? | 2!
By hypothesis, when A goes to zero, i, and E,, go to ") and ELQ):
Ualrmo = wi” and  E,|,o = E” ©.11)
We introduce the following abbreviations:
k k
J0 = %aa;/’k" - B = %iﬁ” o k=l 9.12)
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Equations (9.9) and (9.10) become

o = 0+ AP AR e X (9.13)
E, = EX + AEM + XE? + - + NEP + - (9.14)
Fork =1,2,3,...,wecall 1[/,(,k) and E,(lk) the kth-order corrections to the wave function

and energy. We shall assume that the series (9.13) and (9.14) converge for A = 1, and we
hope that for a small perturbation, taking just the first few terms of the series will give a
good approximation to the true energy and wave function. (Quite often, perturbation-theory
series do not converge, but even so, the first few terms of a nonconvergent series can often
give a useful approximation.)

We shall take /%) to be normalized: (g[/r(lo) | Y ) = 1. Instead of taking i, as normal-
ized, we shall require that s, satisfy

() =1 (9.15)

If ¢,, does not satisfy this equation, then multiplication of i, by the constant 1/ <1,b,(,0)|d/n>
gives a perturbed wave function with the desired property. The condition (9.15), called
intermediate normalization, simplifies the derivation. Note that multiplication of i, by
a constant does not change the energy in the Schrodinger equation I:Ig[fn = E,,, so use of
intermediate normalization does not affect the results for the energy corrections. If desired,
at the end of the calculation, the intermediate-normalized s, can be multiplied by a constant
to normalize it in the usual sense.
Substitution of (9.13) into 1 = ({?|y,,) [Eq. (9.15)] gives

1= () + A1) + 22 (O )+ - -

Since this equation is true for all values of A in the range O to 1, the coefficients of like
powers of A on each side of the equation must be equal, as proved after Eq. (4.11). Equating
the A" coefficients, we have 1 = <¢,(,O)]¢,(10) ), which is satisfied since 1//,(10) is normalized.
Equating the coefficients of A, of A2, and so on, we have

(O = o, (@) =0, et (9.16)

The corrections to the wave function are orthogonal to lp,(f’) when intermediate normaliza-
tion is used.
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o = 0+ AP AR e X (9.13)
E, = EX + AEM + XE? + - + NEP + - (9.14)

%Mmkw@mmmhﬁd—w@w@;__pms@mmw -as-normia-
ized;we-shall require-that-,satisfy

’%ﬁ”lwf; ! (9.15)

9$9I¢@§%eh—rs—sa&&ﬁed—smee—$@ﬂ—ﬂefmah-zed—
Eqﬂ-&t—m«g—ehe—eeefﬁe}eﬂ&s—ef—k —of A-and-se-on—we-have

S e O e 0Ly
Mﬁmmm&wwmmm

Substltutlng (9.13) and (9.14) into the Schrédinger equation (9.8), we have
(A + M) () + dl) + WD - -)
= (EQ + AE() + NEP + )@Y + i) + A% + )
Collecting like powers of A, we have
Aoy + MEYY + B + RED + HyD) +

= EOw + MEDpY + EOY) + R(EXYD + BV + B + -
. 17)
Now (assuming suitable convergence) for the two series on each side of (9.17) to be equal to
each other for all values of A, the coefficients of like powers ot: A in the two series must be equal.
Equating the coefficients of the A® terms, we have H%(®) = E(V4®) which is the

Schrodinger equation for the unperturbed problem, Eq. (9.2), and gives us no new information.
Equating the coefficients of the A! terms, we have

By + Bo%0D = EMy©) 4 g0y
Hoyl) — EQy(D = EMy©) — 7y (0 (9.18)
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The First-Order Energy Correction
To find E\") we multiply (9.18) by 0 )# and integrate over all space, which gives

(WO1A D) = EO (D) = ED (piOgl®) — (p) A [) 9.19)

where bracket notation [Eqs. (7.1) and (7.3)] is used. H° is Hermitian, and use of the
Hermitian property (7.12) gives for the first term on the left side of (9.19)

(PO A i) = (DAl )* = (p(D|A ) *
= (YWIEQYD )+ = EO* (y{V|g)* = ED (pD]pV)  (9.20)

where we used the unperturbed Schrédinger equation H 0y (0) = E,(,? )dff,?), the fact that E,(,? )
is real, and (7.4). Substitution of (9.20) into (9.19) and use of the orthonormality equation
<¢r(;? )|(I/£LO)> = §,,, for the unperturbed eigenfunctions gives

(B — EO) (i [wi)) = EMS,, — (w1 [y?) ©:21)
If m = n, the left side of (9.21) equals zero, and (9.21) becomes

E = (D) = / i) dr 9:22)

The first-order correction to the energy is found by averaging the perturbation H'over the
appropriate unperturbed wave function.
Setting A = 1 in (9.14), we have

E, =~ EQ + EM = E© + / Pl O#A YO dr (9.23)

EXAMPLE

For the anharmonic oscillator with Hamiltonian (9.3), evaluate EM for the ground state if
the unperturbed system is taken as the harmonic oscillator.
The perturbation is given by Eqgs. (9.3) to (9.5) as

H =H-H =cd + ax*

and the first-order energy correction for the state with quantum number v is given

by (9.22) as EV) = (¢0]cx® + ax*|p(?)), where 4% is the harmonic-oscillator wave
function for state v. For the v = 0 ground state, use of ") = (a /)" e™*"/ [Eq.
(4.53)] gives

12 e
E(()l) — («j/(()o)\cx3 + dx4|lll(()0)> = (Z) / e*ax2(0x3 + dx4) dx

o0

3

ax

The integral from — e to o of the odd function cx’e™ *is zero. Use of the Appendix

integral (A.10) with n = 2 and (4.31) for « gives

V2 re s 3d 3dn?
E(()l) = 2d<a) / e “xtdy = ST a5 5
™ 0 4o 647 v m

The unperturbed ground-state energy is E(()O) = %hv and ESO) + E(()l) =
Thv + 3dh? 64w v m?,

EXERCISE Consider a one-particle, one-dimensional system with V = o for x < 0
and for x > [, and V = cx for 0 = x = [, where c is a constant. (a) Sketch V for

¢ > 0. (b) Treat the system as a perturbed particle in a box and find E (1) for the state
with quantum number #. Then use Eq. (3.88) to state why the answer you got is to be
expected. (Partial Answer: (b) %cl.)
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The First-Order Wave-Function Correction
For m # n, Eq. (9.21) is
(ED — EN (D) = —(uD|H [¢). m # n 9.24)

To find "), we expand it in terms of the complete, orthonormal set of unperturbed
eigenfunctions lp,(,ﬁ) ) of the Hermitian operator H":

i) = Sa,p,  where a, = (¢{V]yp{") (9.25)

where Eq. (7.41) was used for the expansion coefficients a,,. Use of a,, = <¢,S?)|(//£,l)> in
(9.24) gives

(Elgg)) - El(10))am = _<¢I£r?)‘lfl,‘¢i(10)>’ m # n
By hypothesis, the level E\) is nondegenerate. Therefore E{?) # E) form # n, and we
may divide by (E) — E()) to get

)| 474
a, = <¢Enz(,) _’g('(l)) >, m#n (9.26)

The coefficients a,, in the expansion (9.25) of (11,(11) are given by (9.26) except for a,, the
coefficient of 1[1,(,0). From the second equation in (9.25), a, = <¢r,(10)|1,[1£ll)>. Recall that
the choice of intermediate normalization for i, makes <¢f,(.0)|l1’;(11)> = 0 [Eq. (9.16)].
Hence a, = <¢f,(,0)|llfr(zl)> = 0, and Eqgs. (9.25) and (9.26) give the first-order correction
to the wave function as

) [ £y 1,1,(0)
wa) (9:27)

i = X

m#n E}SO) - Ey(,?)

The symbol X, -, means we sum over all the unperturbed states except state n.
Setting A = 11in (9.13) and using just the first-order wave-function correction, we have
as the approximation to the perturbed wave function

(i 17 [9”) o,

g, =~y + > e (9.28)

m#n E’(10) - Er(y?)

For l,[i,(lz) and the normalization of ¢, see Kemble, Chapter XI.

The Second-Order Energy Correction
Equating the coefficients of the A? terms in (9.17), we get

A%D — EDy = EPy® + EMy() — AylH (9.29)
Multiplication by apf,?)* followed by integration over all space gives
(WO D) — EO(plO]y)
= ED(ONl?) + ED(pOgpD) — (@A V) 9.30)

The integral ({?|A°|y?)) in this equation is the same as the integral in (9.20), except
that dfﬁ,l) is replaced by 1[/,(12). Replacement of 1//,(11) by dfﬁ,z) in (9.20) gives

(WD ECw2)) = ED (i) (9.31)
Use of (9.31) and orthonormality of the unperturbed functions in (9.30) gives
(E = ENDNP) = EP,, + ELD (Wi |ylV) — DA Y)  932)
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For m = n, the left side of (9.32) is zero and we get
ER) = —ED(pOpD) + (w7 [y")
EP = (¢A [y)) 9.33)

since (y{[y{M) = 0 [Eq. (9.16)]. Note from (9.33) that to find the second-order correc-
tion to the energy, we have to know only the first-order correction to the wave function. In
fact, it can be shown that knowledge of tp,(f) suffices to determine E,(f) also.

In general, it can be shown that if we know the corrections to the wave function
through order k, then we can compute the corrections to the energy through order 2k + 1
(see Bates, Vol. I, p. 184).

Substitution of (9.27) for ") into (9.33) gives

(D1 H )
m#n E,(f)) - E,(,f))

EY = (O 7 |pl) (9.34)

since the expansion coefficients a,, [Eq. (9.26)] are constants that can be taken outside the
integral. Since H' is Hermitian, we have

(WA [ O) (A 9D ) = (SO @) (DA [ ) *
= (gD A g 2
and (9.34) becomes

EP =S (| [p) [*

m#n ES,O) — E’(T?) (935)

which is the desired expression for E,(lz) in terms of the unperturbed wave functions and
energies.

Inclusion of E,(f) in (9.14) with A = 1 gives the approximate energy of the perturbed
state as

H,,,?
B~ B0+, S

m##n E,SO) - E,(,?) (936)

where the integrals are over the unperturbed normalized wave functions.

For formulas for higher-order energy corrections, see Bates, Volume I, pages 181-185.
The form of perturbation theory developed in this section is called Rayleigh—Schrodinger
perturbation theory; other approaches exist.

Discussion

Equation (9.28) shows that the effect of the perturbation on the wave function {?) is to “mix
in” contributions from other states "), m # n. Because of the factor 1/(E") — E)),
the most important contributions (aside from 1//§,0)) to the perturbed wave function come
from states nearest in energy to state n.

To evaluate the first-order correction to the energy, we must evaluate only the single
integral H,,, whereas to evaluate the second-order energy correction, we must evaluate the
matrix elements of H' between the nth state and all other states m, and then perform the
infinite sum in (9.35). In many cases the second-order energy correction cannot be evalu-
ated exactly. It is even harder to deal with third-order and higher-order energy corrections.

The sums in (9.28) and (9.36) are sums over different states rather than sums over dif-
ferent energy values. If some of the energy levels (other than the nth) are degenerate, we
must include a term in the sums for each linearly independent wave function corresponding
to the degenerate levels.
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RGPy = ool [n) + ---+(h\dfaaa*|y\>
(u\c«a&f&‘ ln) =Jnh (MlN’J'V\H) = Jirr w2 alnad =MWJ7\T1.(V\|&IM+|)
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(Wl afoa) wy = h(n-1) {n|aal dalw) = w(ne)

(V‘W:[MI\ Ky = (nt \)7' (MAMMIK) =(n+)n %;
(Mldaddaluy=n® iy = b (W neg)
‘ - h LY 4.« _ofl ¥ " 1
'EI&) =8 (V\|X4|h> = &( Ig—m) (d-\-ﬂT) |h> = Q(?w\—w)b(h -|-y\+,;>
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The Anharmonic Oscillator
e Vibrational potential of molecules not harmonic.
e Approximately harmonic near potential minimum.
e Expand potential in power series.
~ h? d? 1 P?

H=———+-kX*+CX?+QXx* =—+1kX2 +CX3 4+ Qx*
2mdX? 2 2m = 2
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C and @ are cubic and quartic force constants, respectively.

770 Pz 1 2.7 3 4
H° =—+-kX*V =CX°+0QX
2m 2
where,
_ 2
H° = — + —mw?X?

2m 2

H 1] P2 1w 1 p? Mo\
—Zx? ——+( [ x?
(Vmwh) h

%zi mwh h 2
Define: H° = A°/hw, p = P/\mwhand q = ymw/h X
1
= H=2(a" +p)

. 1 . 1 .
Define: a = ﬁ(q +ip)andaf = w/_i(q —ip)
Bo\1/2
= (eh) e
2mw (a @ )
We already know:
1 1 1 1
aat = E(q2 + p?) +5 and ata = E(qz +p?) =
= aa’ +afa = (¢° +p?)
1
I }[0 — E (qZ + pZ)
a° 1

1
o= E(q2 +p?) = E(aa’r +a'a)

HO = %hw(aa* + aTa)

Unperturbed energies, E,(lo) =n+1/2)hw
Unperturbed wavefunctions, 1/),50) = |n); perturbation, V = CX3 + QX*; C and Q are expansion coefficients,
like A; whenC - 0and Q —» 0, H - H°.
E(Y = (n|P|n) = (nlCX3 + QX*n) = C(nlX3|n) + Q(n|X*In)
First consider the cubic term.
X (a+ cﬂ)3
Multiply out...; there will be many terms...
aaa, aaat, aata,ataa,ata’a, ...,ata’a’
None of the terms have the same number of raising and lowering operators.
aln) = Vnln —1); afln) = Vvn + 1jn + 1)
(n|X3n) =0

Bo\2
(n|X*|n) = <%) <n|(a + aT)4|n>
(a + aT)4has terms with same number of raising and lowering operators.
<n|(a + aT)4|n> =0
Using a|n) = vn|n — 1) and af|n) = Vn + 1|n + 1). Only terms with the same number of raising and
lowering operators are non-zero. There are six terms.
(n|aaata®|n) = (n+ 1)(n +2)
(n|atataaln) = n(n —1)
(n|aataa®|n) = (n + 1)?
(n|ataataln) = n?
(n|aatataln) = n(n + 1)
(n|a*aaa*|n) = (n+1n
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<n|(a + aT)4|n> = (n|aaa’a® + atataa + aataa’ + ataata + aatata + ataaat|n)

> <n|(a + aT)4|n> = (n|aaa’at|n) + (n|atataa|n) + (n|aataat|n) + (n|ataata|n) + (n|aatata|n) + (n|a’aaat|n)
1
<n|(a + aT)4|n> =6 (nz +n+ E)
) LAY 4
E,” = C(n|X3|n) + Q(n|X*In) = C x 0+ Q X (%> (nl(a +a') |n>

hoy? 1\ 3 Qh? 1
Er(ll):QX(%> 6(n2+n+—>=— ¢ (n2+n+—>

2 2m2w22 2
1 3 Qh 1
o~ O @, @
“E,~E,’ +E, +E, —(n+§)hw+zm2w2(n2+n+z)

* Energy levels not equally spaced.
* Real molecules, levels get closer together — Q is negative.
* Correction grows with n faster than zeroth order term — decrease in level spacing.

50

4.0

3.0

energy (eV)

20t

1.0 4

0.0

0.0 15
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STARK EFFECT ON HYDROGEN ATOM

Effect of an applied electric field on the energy levels of a hydrogen atom. External uniform weak electric
field € = €k applied along the +ve Z axis. Hydrogen atom is in its ground state. The spin degrees of freedom
are ignored. The unperturbed Hamiltonian:

2 2

o= _°

2u T
and the corresponding eigenfunctions are l/)nlm = Ry (M)Ym (6, 9).
When the electric field € = €k (applied along the +ve Z axis) is switched on, the system “sees” the
perturbation, H' = e€ -7 = e€z. The overall Hamiltonian: H = H° + V. The ground state of the H atom

The unperturbed eigenvalues are Er(zh)‘n'

(El(gz), fg%,) is non-degenerate; non-degenerate perturbation theory is applicable. The ground state energy

of the H atom that is correct up to second-order in perturbation:

(0) ® ()
Er00 ® E1go * Efgo * Exo0

A quickrecap: If m =n, 6,;,, = 1
1 0 0 0
ED = < ()|V|¢() f‘l’(o) OF
<1/1(0)|V|1p(0)>|

o_ v
En Z O _(®

m#n

nlm|z|100)|?
Fuvo = Efp + £y + 63 = Ep + (100l100) etz Y (mIALODE

nlm=100 100 nlm
© T 2T

2 2
(100]z|100) =f|1/)£82)| zdt = f ff |1/J1(g%| (r cosO)r?drsin6 dfd¢p = 0
0

There can be no correction term to the energy which is proportional to the first power (linear) of the electric
field € — No linear Stark effect. In the ground state, the H atom has no dipole moment.
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DEGENERATE-STATE PERTURBATION THEORY

Need: A perturbation theory for energy states that are degenerate...

A two-fold degenerate system

Same unperturbed energy, E©

Different unperturbed eigenfunctions, l/)(o) ,EO)

HOY = EOp; HOY® = Oy
Unperturbed functions are orthonormal,
< (0)|¢(0)>

Define: an arbitrary linear combination ofz/)(o) (0)

lp(O) — 051/)(0) + BIP(O)
Y is also an eigenfunction of H° with an eigenvalue E(®
Proof:

HOIP(O) — HO (al/)c(lO) 4 ﬂll)l(;O)) HO (alp(o)) + HO (Bl/)l()o))
0 0 0 0
HOlp(O) =q (How( )) + B (How( )) — a( (O)l,l)((l )) + B (E(O)lplg ))
Hoy©® = g© ( 1/;“’) + ﬁlp(o)) E©y© (unperturbed problem)
Problem to solve: Hy = E; with the partitioning: H = H® + H'(A = 1)
Taylor’s series expansion: (A = 1)
E=EQO4+ED 4+ E@ 4. =@ 4+ D 4 @ 4 ...
(H® + H')(ll)(o) +y® 4+ 9@ 4 ) = (E(O) +EFO L E@ 4 ...)(1/)(0) +y@® @ 4 )
Equating the coefficients of the like powers of 4
HO%©® = E©)y ) (unperturbed problem): coefficients of A°
HOY W + H'p© = FO)p () 4 FMy(0); coefficients of A*
HOy ™ — E(O)l,l)(l) = E(l)lp(O) — H'yp©®
Left multiplication by 1,[),(10)* (complex conjugate of one of the degenerate unperturbed functions) and
integration over all space

<¢§0)|H0|¢(1)> _E©® <¢§O>|¢(1)> — W <¢§0)|¢,(o)> - <¢§°)|H'|¢,(0)>

Hermitian property of H°

<¢‘§0)|H0|¢(1)> _ <¢(1)|H0|1/)(50)>* _ g <¢(1)|¢(go)>* — ;© <1/Jc(10)|‘/)(1)>

20= ED (p[p@) - (| [p )
or, EO (V[ @) = (|’ [p )
Now, Y@ = ayp(” + py®
EW <¢(°)|a¢(°) + B¢(°)> ( (°)|H'|a¢(°) + B¢(°)>
o W ) o)
) ) -

E(l) _ a(lp(O)lH, (0)> < |l‘b(0)> — aWaa + ,BWab
where, W;; = <¢f°)|H |¢§°)>, (i, j=a b)

aED = aW,, + Wy,

|¢(0)>

We will use this equation very soon...

HOoyp@® — Oy (1) = Dy (0) _ frypy(0)
Left multiplication by 1,01(,0)* (complex conjugate of the other degenerate unperturbed function) and
integration over all space
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(w2 [p®) = EO (p®[w®) = B0 [p®[p @) - (31| )

Hermitian property of H°

<¢£°)|H°|¢(”> - <¢(1)|Ho|¢£o)>* — E(0) <¢(1)|‘/’z§0)>* =E© <¢§0)|¢(1)>
20=E® <zpl§°)|l/}(°)> - <¢;§0)|H'|¢(°)>
or, EO (@) = (|1’ |w )

Now, p©@ = ayp(® + py”
E® <¢(0)| l/)(O)Jrﬁl/)m)> <¢I§0)|H,| ¢(°)+ﬂ¢(°)>
E(l){ <¢z(,°)|¢(°)>+b’<¢z§°)|¢(°)>} <¢§°)|H |¢(°)>+/3<¢§°)|H |¢(0)>
( o)|¢(0)> 0; < o)|¢(0)>
BED = a (| ") + 5 (0P| |9 = Wi + BWs,

where, W;; = <¢i(0)|H |ll)§°)>, (i, j=a, b)
BEW = aW,, + fWyy,
aEW = aWy, + BWap BEW = aWpy, + W,
BWop = aEM — alWy, (BE® = aWpq + BWpp) X Wap
EDBWyp, = aWyqWap + BWap Whp
EW(aE® — aW,,) = aWyoWap + Wy (aED — alW,,)
a(ED = Wog)(EW = Wyp) = aWpaWap
If a # 0, then
(EDW = Woo)(E® = Wyp) = WyaWap
2
EM" — ED (Waq + Wip) + WaaWop = WapWpa) =0
By definition, Wy, = <1/)ISO)|H’ (0)> <¢§°)|H'|¢l§°)> =Wy,
5 s WapWpa = WepWep, = “/Vabl2
E®" = ED (Wog + W) + WaaWop = WapWha) = 0
E(l) - (Waa + Wbb)E(l) + (WaaWbb - |Wab|2) =0
(Waa + Wbb) t+ \/(Waa + VVbb)2 - 4'(I/VaaI/Vbb - |Wab|2)
1 2
B = 2 [ Wag + W) £V (Waq = Wiyp)? + AW,
This is a fundamental result of the degenerate perturbation theory.
aE® = aW,, + Wy,
BEW = aW,, + fWy,

Waa Wab ay _ 1) a
(Wba Wbb> (8)=E(p)
E@ are the eigenvalues of the matrix
W = (Waa Wab)

Wba Wbb

EY =

The above is equivalent to
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Applications to Simple Systems
aE® = aW,, + fWp. ifa = 0, B = 1, so that W,;, = 0.
ﬁE(l) = a’Wba +ﬁWbb' E(l) = Wbb'

1
Eil) = E [(Waa + Wbb) t+ \/(Waa - VVbb)2 + 4|Wab|2]

Fora =0, B =1, so that Wy, = 0. Consider the ‘—’ sign...

1
ED = = (Waa + Whp) = Waq = Wyp)? + 40|
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EQ = [(Waa + Wip) = Wag = Wyp)] = Wy
Similarly, a = 1, 8 = 0, we will have Wba =0,and EMW = Waa.
EM = %[(Waa + Wpp) + Waq — W) = W,
ED =, :< Ol%7 (0)>

ED — <¢£0)|H |¢(0)>

This result can be obtained using the non-degenerate perturbation theory. We are lucky! The states 1/)5(10) and
(0)
b

were already the "good" linear combinations. Obviously, it would be greatly to our advantage if we
could somehow guess the "good" states right from the start — then we could go ahead and use non-
degenerate perturbation theory.

An important theorem: Let 4 be a Hermitian operator that commutes with both H® and H'. If 1/;(0) and

0)(the degenerate eigenfunctions of H®) are also eigenfunctions of 4, with dlstmct eigenvalues, Al/J(O)

,ut/)(O) and Al/)lgo) = vd)(o) and u # v, then W,;,, = 0 (and hence 1/1(0) and l/)b are the “good” states to use
in perturbation theory.
Proof: By assumption, as the Hermitian operator A commutes with both H® and H’, [A4, H'] = 0. Therefore,

<1p<°)[ H'] (0)>=O.Now,
o) = (sl

L A e L
o < ’|¢z§°)> - V( a |1/)1(;0)> = - < |¢(°)> = =Wy
Y UFVY, Wep = 0.

Moral: If we encounter degenerate states, we should look around (that is, search for) some Hermitian
operator A that commutes with both H® and H'; we pick as our unperturbed states ones that are
simultaneously eigenfunctions of H® and A; then we use the ordinary (non-degenerate) first-order
perturbation theory.
What if we do not find some Hermitian operator A that commutes with both H® and H'?
Degenerate perturbation on a three-dimensional infinite cubical well:

V(xy,z)—{ ,if0<x<a 0<y<aq 0<z<a

) elsewhere
The stationary states are (here, the unperturbed ones):

© 2N, mn, nn,
1,l)nx,ny,nz (x,y,2) = (E) sm( 7 x) sin (—y) sin (7 z)
Ny, Ny, N, are positive integers (excluding zero); the energies are given by
2h2
() —
nenyn, = o (nx + ny +n )
What are energies of the ground and the first exuted states? Are these states degenerate? If so, what are

the degeneracies? The ground state (n, = n, =mn, = = 1) is non-degenerate: 1,01(2)1

0) s h
Ei;1=3 ma?
The next state is the first excited state and is triply degenerate: (nx,ny,nz): (112), (121), (211); the

eigenfunctions are: 1/)52)2, g)l, 52)1

_ g

2h2
(0) (0) ©) _ (0
E112 - E121 E211 62ma2 - El

We introduce a perturbation, H'
H’={V0’ if0<x<a/2,0<y<a/2,0<z<a
0, elsewhere
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What is the first-order correction to the ground state energy, Eéo)? Note that:

1 X
f sin?(ax)dx = — 22 cos(ax) sin(ax) + =

2
The first-order correction to E(go):

ED = ( (0) |H’ 1((1’)1> = (2)3 Vo fa/z sin (a )dxfa/2 sin (ny) dyfasin2 (gz) dz
0 0

2 a/2 _V
(€] 0

~ F = (- _
0 (a) VO( 2 ) 2 4

Our next mission is to calculate the first-order correction to the energy of the first excited state. Here, the
states are degenerate and we need to use degenerate perturbation theory, i.e. we need to calculate all

e|eIIIEIItS OI the 3 X 3 matti ix

Waa Wab Wac
W=|Wpa Wy Wy

M/ca ch I/Vcc
o _ 0, ,0) _ ), ,0) _ 5 (0)
112 — Ya %121 = Wb » ¥211 = Ve
Now, let us calculate all the matrix elements. Note that:
1 X
sin?(ax)dx = —%cos(ax) sin(ax) + >
sm[(bl by)x] sin[(b; + by)x]
b b,x) dx — , for |b{| # |b
fSIH( 1x) Sln( Zx) Z(bl bz) z(bl +b2) Orl 1| | 2|

Evaluation of the matrix elements:

0 0 0) ||, (0
<¢<)|H <)> <()|H|¢§1)2>
2\3 a/2 X a/2 Ty a 2nz 2\3  (a/2\’a
—(Z 2 (22 2 (22 (2 —(Z ht
_(a) VO-IO sm(a)dxfo sin (a)dyfo sm(a>d2—(a> V0<2>2
Vo
"'Waazz

Similarly, Wy, = ch = V,/4 = W,, (same as the ground state).
(o) ©) | gy7],,0)
Wab - < ) < 112 H |l/)121>

) 3 a/2 a/2 2 a 2
= (—) Vo f sin? (E) dxf sin (ny) sm( ny) dyf sin ( nz) sin (
a o a o a a o

e
J-a/2 n (ny) sin (27Ty) dy = [sin(— my/a)  sin(3my/a)|Y?  sinw/2) a (3_71) _ Zi .
0

2(-m/a)  2x3m/a o T ™2 6m
_ 2a
o [(by = by)x] _sinl(by + b)x]
sm x| sin + X
Jsm(blx) sin(b,x) dx 2(bi bzz) — Z(bll n bzz) , for |by| # |b,|
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a

T 21 . (27mz mZ
by =—,b, =—; sm( )sm( )dz—O
a a J a

since we will get sin and sin 3.

Was = (009 = ()9 %)) = 0

DI MG 0 0 0 0
Was —{w( || = (%] w |¢§2’1)=( [ [w3) = Waa = 0
W, = (0) (0) |H’|l/}(0) (0) |H’|l/}(0) = 0, since we get th d d
ac = Y11, 211 112) = Weq = get the same z dependent
mtegral asin Wyp.
)| yr].,0) ) | ¢yr],4,(0)
(wb %) = ol Iwm>
“/2 2 2ny\ o my a nz
( ) Vof sm sm( a ) f sin (T) sin (7) dyfo sin (a)dz
W _(Z)Vaaa_4V_W
“Woe =\3) Yo37307 = o2 V0 = Wor
Waa Wap Wac Vo/4 0 0
w <Wba Wy Wbc) 0 Vo/4 16V, /97>
Wea Wep  Wee 0 16V,/9m> Vo/4
v 1 0 0 v./1 0 0
W = _°<o 1 (8/37r)2) = ZO(O 1 K);K = (8/3m)% = 0.7205
0 (8/3m)? 1 0 k 1
A 1 0 O , AW 1 0 O
-'-W=Z 0 1 k|;k=(8/3m) =0.7205=>7= 0 1 x
0 « 1 0 0 k 1
Therefore, the characteristic equation for 4W /V,, will be:
1-w 0 0
0 1-w k |[=0
0 -w
=>(1—W)[(1—W)2—K ]=0
or, 1-W)Y Q1 -W—-x)(A-W+K)=0
VVi = 1

W, =1+k=1.7205
Ws=1—k = 0.2795

© _ o0 _ g _ TR )
Eliz =Ej = Exn = 62ma2:E1

E,~E® +W,Vp/4,i=1,23
EM 2~ E® 4 vy/4, B ~ E® + (1 + 0V /4, ER = E® + (1 — 1)V, /4

Ellzl ~ 51(0) +(1+ )V, /4= El(") +1.7205V, /4
EM 2 E® +v,/4

FO _ g _ p© _

F©
112 121 211 1

P ~ E® 4 (1 — 1)V /4 = B + 02795V, /4

"Good" unperturbed states are linear combination of the form

v = ay? + " + e
The coefficients &,  and y are eigenvectors of W

53 2))-w (o)

Let us now determine the eigenvectors corresponding to W;, W, and W5
For the root W; =1
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(3 3)0)0)-+0)-)-0)

.'.a:l'ﬁz}/:()
.., (0, (0)
Y1 T Va

For theroot W, =1+«

1 0 0\ /« a a a a
(o 1 K)(ﬁ)=wz(ﬁ)=(1+x)<ﬁ)=><ﬁ+w)=(1+;c)(ﬁ>
0 x 1/\v 14 14 kB +vy Y
ca=0,=y=1/V2
. (°>:i( §°)+¢§0))

DR T/% 7
FortherootW; =1 —«k
1 0 0\ /@ a a a a
(0 1 x)(ﬁ)= W3(,3)= (1—x)<ﬂ)=> <B+KV) = (1—;c)<ﬁ>
0 x 1/\y Y 14 kB +y Y
ca=0,=-y
© _ i( © _ (0))
3 \/E b c
If we apply non-degenerate perturbation theory to these three states, we will get correct results. We will not

get correct results if we apply non-degenerate perturbation theory to original unperturbed states 111,50), l()o)

and 1,[)50).
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